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Abstract

The goal of this article is to provide an overview of all the results
currently known regarding the connectedness of path graphs. The
proofs we present are only those that illustrate the different tech-
niques employed in obtaining the results.

This is an expository paper addressed to readers with a small
degree of familiarity with the field of graph theory and its techniques.

1 Introduction

1.1 Definitions and notation

A graph is a pair G = (V, E) where V is a finite set of vertices, and E is a
subset of non-ordered pairs of vertices, called edges. If e = uv € E we say
that » and v are adjacent, and also that u and v are the endpoints of the
edge e.

For a vertex v € V, the neighborhood of v is the set N(v) of all vertices
adjacent with ». That is,

N(v) ={u:uv € E}.

The degree of a vertex v is deg(v) = [Ng(v)|. Sometimes it is useful
to know that every vertex has a minimum number of neighbors, so the
minimum degree of the graph G, denoted as 6(G), is the minimum degree
over all vertices of G. In other occasions it is useful the concept of regularity
regarding the degree. Therefore, a graph is regular if all of its vertices have
the same degree. Particularly, a graph is said to be é-regular if deg(v) = 4,
for every vertex v of G.

A path between two vertices u and v, or a uv-path, is an ordered sequence
of vertices u = zg, 21, L2, ... Tn-1,%n = v such that x; is adjacent with z;41,

JCMCC 69 (2009), pp. 75-88



LL

1+ ¥ yi8us[ jo ysed ® 1o 9[040 ® IaYjlo SULIO} UOIUN IBY} pue ‘H ur | —y
[38usl jo yyed e surro syred Surpuodsaliod a1} JO UOTISINUL O] ISAIUIYM
(9)%g ur jusoelpe aIe S9d11I0A OMT, "5 Ul ¥ Y1Sus] jo syied [[e jo 19s oy
Juasaidal ()4 Jo seon1ea oY T, *(9) ¥4 pejouap ydeid teyjoue yim o ydeid
® sojeroosse jey) 1ojeiado ue st ydeid yred-y oy ‘y 1e8aqut aanisod € usals)

sydeaS yred ¢'1

"(9)e < (9)'Y ;1 Auo pue g1
y-1adns s1 9 ydess e ‘uoyy, {1md 98pe [e1a uou e st (O ‘D) ‘(D D) purm
= (©)'y se paugep st 31 pue (9)ly Lq pajousp st ydeid e jo Aiparzrsuucd
-4adns Y], 'Telall} st (9)e Anpeurpred jo (‘D) 2 a8pa A1aae Ju -uadns
poqred st ydeis pejosuuod-s8pe Aewxews v (9)e = (a)6p yum a x93
-1oa swos 0] {a} = pH 10 {a} = H Jt o1y po[ed ST N I8pe uy

- “BOPI M3 SIY) JO UOTJIUYIP
911 10j Aressaosu AJo[oururis) swios juasald am IXaN E A1anpoeuuootadns
Jo uotjou 8y} padnpojul [[PPUL], Pue yosaog] jdaouod siy) ssardxs of, a8pe
ue jo Sunsisuoo wey) jo yoea ‘sjusucdurod pajosuuod omj o3 pes| JySnu
sa8pe uasoyDd-[fom om} SurjL[ep asyYM ‘ZF) UL ISBD B} JOU SI SIY], "XIIIIA
s[8uts e £q pawio] V5 ur yusuodmiod pajosuuod & saonpold 15 $100uu0dsIp
[eAOTIDI 3SOYM S28Pa Oom] JO 198 AU® ‘ISABMO] *Pajdouucy A[[euIixeul yjoq
Pu® A31A1308UU00 SUres a3 Y1m 110q ‘sydes oml moys are om [ 21nS1q uj

2= (29)Y = (19)y yawm ‘sydeis pajosuuod A[rewrxewr om], 1 81

9 9

"o[durexs Sumo[[0] 8y} 03 UONUI}}© INO UIN] MOU SN 3]
W—=5)
ydeis a3 jo sjuouodwod om) a3 jussaidal /) pue ) aIym O =vVv
mred a3 Y3m pagljuapt aq ued ¥ Ind a8pa _umm 08 _mpqwnanSMuw»qugou
omj A[3oexe sey Aqrresseosu ydeid Surjmser oyj ‘o ydeis © wol paaowal st
N0 98pe wnuIuIul ® JjJ ‘@I ueyl 1yjo ‘5 jo ydeiSqns pejosuuod I9Yjo
Aue jo ydeiSqns e jou s1 1813 ydeidqns pajosuuod e ‘a1 ‘ydeiSqns psjoou
-u0d [eutixew e st ydeid pajosuuod-uou ® Jo JuauoduLod pajoauuod y
(@) = (@)
uSYM pajoauu0d-abpa Ajppurows aq 01 pres st o ydeid e ‘(9)e S (9)y oulg
"5 30 00 98pe [ewWIUIM ® Jo AI[eutpIed ays st (H)y ‘o ydeisd Lfue 1o0f 1eql

9L

AITATI0RUT0D-28pa JO UOIIUYSP 9] WIOL SIsiIe 1 ‘9I0JIdY], ‘Pajdauuod
j0U SI ¥ — £ JBYj} yons 7 so8pe jo 30s ' st H ydeid e ur yno abps uy
"sa013daa Jo Jred Azeae usamjaq syjed jurofsip
Surpuy ut sjsisuod yoga ‘ydeis e jo £31A130auU0D o3 amsesw 03 yoeoxdde
SATIONIISUOD © sapraoxd 91 JeY] S J[NSal s JFua]y Jo sousnbasuod urewt y

sypod-an juiolsip-abpa fo
Jaquinu wnunarows 3y} sponbs ‘9 wr a'‘n sa0uan fo uod v $302UUCISIP 1DAOWL
-a4 asoym sabps fo usquinu wnunurw ayy ‘fjsnobopuy  sypvd-an jurolsip
-T33420 [0 saquiny wnunzow 3y sponbs ‘o w a‘n sa0yuan fo uod D §392UU00
-SIP JOAOWAL SOYM $aRLaN fo Jaquunu wnunww 2y ] [1g] *1°T welosyg,

‘uow
-mroo ut sefpa ou aary Loty Jt qurolsip-abps aq 01 pres are syjed-an omJ,

‘syyyed

jurofstp jo uorjrugap astoaxd e SuIAld 193ye Jnsel Siy) [[edal [[1s ap) "ydeis e

JO $991319A JounsIp Jo sited usamiaq syled jutolsip jo Iaquinu ayj 03 paje[al

st ydeis ® Jo LJIA1J0SUUO0D 91} JeY) S$oe)s Yoiym ‘[1g] WweIosy], s I08us]y
st ydeaS e jo £3anosuuocd oyl jo Apmis oY) 10} jmser jueirodurr Uy

') $09UUO0ISIP [BAOUISI 3SOY M

$e8pe JO ISqUINU WU 3y) se pauyap (9)y st 9 ydeis e jo finag0aunod

-abpa oy, 'ydelS e Jo sSaUPaOBUUOD DY) JO SINSLIW JUSISYIP 818 JIBYJ,

ssoupajoduu0) Z°T

‘syde18 uo ASo[ounuio) oYMy 10§ [T ‘4] 01 palIojol st 10peaI Ay ],
2247 ® S1 9[040 Aue aaey jou soop ey} ydeid pajoouuod y 'sedrjien

s31 Jo ared L1949 usamjaq yied B St 9193 J1 pagoauucd paed st ydeis y
') Ul 9[0AD 1893I0YS ® JO YISue[ 93} Se
paugap ‘(9)6 st H ydeid e jo ypub ayy ‘sny] ‘ydeis usAld e ur ajo4d ® jo
y38uaf a1[} 10] PUNOQ I3MO[ B dA®Y 09 [Nyasn s1 31 sasodand swos 10 “u ypbua)
jo apfio estn = ¥rl-v¥r - ‘Tz 'lr'or = n yyed oyl po[ed am ased jey)

ut pue ‘a = n jey) uaddey ySmu 91 ) ut yyed-an B ULAIS 1B1) 0TION

{A2an: (a‘n)plxew = (9)q

‘st req, () = @ se pajousp ‘9 ydeid e jo
1272WD1p ) PIJ[ed SI A Ul 89013104 Jo sited [[e UsamIaq 8dUR)SIP WINWIXEU
9], 'yred-an 1s9310Us ® Jo Ya3ua[ oY) Se pauyep ‘(a ‘n)p S a pue n $9013I8A
0M] U22MJ2q 20UDISIP B 08 ‘S801119A Jo Ired uaars B usamiaq y)Sus| [euuruTmL
jo syyed ur pajselalul aIe am ULJ() ‘U YjSus[ sey a = Ux‘1-¥r - Exily ‘0r
= n yyed ayy ‘opdwexs 10 -sesioarI} 31 Se8pe Jo Iequinu 3yj sI yjed ® jo
yzbua) o], "seo1)IaA 1eadal jouU S20p PUE ‘a YIM SPUS ‘M YILM S1IRIS Jel)
s901119A Juave(pe Jo sousnbas ® st a pue n usemlaq Yred ® ‘spiom Isyjo U]
uSfaSpreyynsfaqerofl # i fe #epue p—u' ‘g =11e I0J



6L

03 1opio uf ‘[g1] [pdeiN pue 10uy Aq pejussaid sem pajosuuod aq 03 ydeid
yyed ® I0J UOI}IPUOD JUSIOYINS PUR AIRSSE0AU [BIAUSS JSOUI pUe 381y Y,
“uoljeIopIsuod Jopun ydeid yred-y
913 JO ¥ anfeA 3y} os[e Inq ‘ydeisd ayj A[UO J0U DA[OAUI [[IM SUOIIPUOD JSOY)
‘sys088ns sjdurexs snorasid oy} se Jey) SAIASq() ‘Poldouu0d aq 03 ydeid
yyed ® I0J suoljipuod JuANS Jurpuy jo warqoid ayj sseIppe SNl am
‘sydeid yjed psjosuuod Jo A1A1109UU0D 211 SUIAPNIS 210J3(q ‘OIOJRISYT,

-sydesd yjed-z pue 1 Sutpuodsai1oo sy pue £ ydeid ayJ ¢ S

(9)d g 9

"pe10suu0d jou
st (D)% nq paydeuuod st () 1ey) yons o ydeid e jo sidurexs ue soa1d
¢ oS8, 'y s19807ur aa1j1sod [ 10] (9)IF JO AJAII0LUUOD Y3 s2JUBIENT 0}
ySnoua jou st H Jo ANAIDSUUOD A1) ‘Iaramol 'y Iadejur aanisod Aue 10§
‘I9Y1e Pa30auuod J0U St (9)Ig ‘pejoauuod j0u st H ydeis e ji £[snoaqQ

"pa30auu0d St
ydeid yred e jey) ssjuerend jey) SUOIIPUOD ADAINS 9M UOII09SNS SIY3 U]

sydead yyed pajosuuo) T[°Z
sydead yjed jo sssupsjosuuo) g

"[zg) 1UsIIg Aq ULAIS B19M UOIIOLIIP SIY3 U SUOTINGIIFUOD
yweytodutt owog 1 < § 71 ((9)_od) ¥ PUe ‘T = § J1 (D)¥d s© pauyep (9)d
ydeid o) st H jo ydeas yyed-y pojelali-s o3 ‘pespu] ‘10jerado ydeis yred
-y 9y} jo uonerd) syj woy Suwsure sydeid Apnjis ued om ‘aIojeley) pue
‘syde1s uo 1ojeiado ue se jo JySnoyjl aq ued ydeid yjed ayj 18y} 910N
'syderd yied jo Aya110suuooradns
pue AJIA1109UT0D 91} JO saImseaur Apnjs 03 pajnquiuod pey [g) erer) pue
[0T ‘1T ‘g] 010119 ‘[¢ ‘Z] BUBNqrRy ‘A[1Uada1 dI0Jy "pojoeuu0d st ydeis yyed
® e1] 99jueIens 0] sSUOIIpuod Sulpuy uo A[urewr Susno0} ‘Apnis syl penull
-u0d [T] ye[reN pue [T ‘gT] (odeIN ‘[gT ‘gT] Zouyy Tore *[L1] 1T Aq paureqo
9Iam $1NSAI 18I YY) ‘98BI SIYI U] ‘g < § 250 a3 Iof sydesd yyed-y 01 paje|

8L

-91 SA[OI1IR 9SO} AJUO I8 UOTJUS 9A\ "PAIpNIs A[opim ueaq oary Loy] pue
sydei8 sur are sydeid yjyed-1 souls ‘T = y ased a1} YsmIunsip o3 juejrod

-ur st 1 ‘sydead yyed-y jo ssaupajoauuod 9Yy) Jo Apnjs oy SurpreSey
(6] sydeid souapiour jo sydeid yyed
uo symsar myySisur swos pojussard praoyui) °[g] Jeoneysiesy pue IojAR],
‘ora11 ‘Suny)) pue [p1] [pdeiy pue louy] [p] eoump pue eeg Aq peIpnis
azom syder8 yyed jo seryredord sowelsyq [pg] ur oelg pue I Aq paipnis
arom syders yjed-p jo swsiydiowosy °[61 ‘g1 ur 1T Aq pue [1] ur uesdip
pue meSurway ‘weySury ‘paip[y Aq Lputol parpnis atem sydeid yyed-¢
o swistydiowosy *[97] ur ur pue 17 Aq peurejqo Ioje[ Sea UOIRZLISJORIRYD
JULISYTP © pue ‘[g] ur apeol pue emisisolg Aq uaatd ose sem sydeis yyed-gy
Jo uoneziIajOeIRyYd Y ()7 Se peiousp o jo ydeisd sui oyj yirm SapIouiod
() ydeid ayy ‘nH ydeid L1oae 10] ‘peapuy ‘sydeid aur| jo uorjezijelouad

[einjeu © se [g] ur apaoy pue ewsp0lg Aq peonpoljut aiem sydeid yyeq
‘Aydwe st ydead yyed-y oy ‘H jo 18jowrerp

oyt ‘(H)@ < ¥ yeys yons y 1e8ajur Aue 10j ‘o ydeid v usad ‘K[snonqQ

‘sydess yjed-¢ pue g ‘1 Surpuodsariod sy pue £ ydeid ayg, ¢ ‘S

(D) (O)d

(®)d

“¥n-c e Inn = 1) Aq pajousp aq [ (9)%d
ur xa3104 Surpuodsariod ayj ‘o ur Yn - fInon yjed e wears) - Sunjys,
Aq Iat10 Yora WO paureiqo aq ued 1ey) o) ut syjed juasaidar Asyq ;1 A[uo
pue J1 qusoel(pe a1e (5H)¥ JO $9011I8A OM] JRY) SUBIW STY) ‘A[PAIINIU] %) UI



18

‘UOTIONIISUOD [BUOT)IpPe SUmO[[o] oY) pajuasaid osfe st [01]
ut asodand yey; 104 "seorrea jusdelpe jo ired Aue usemiaq syred 1e8uof je

oo[ 03 Aressedeu st 31 Aym uoseal oy st ey, (1 — )z < ((9)%d)¢ yeus
JUNOEDOR OJUL $9X8) JUO JI PAJIUIL] ST J[NSSI STYI JO SSPUNJAST Y3 “I2AMOF]

T—9 -9 2 ((9))Y ‘oYL *y < ¢ subap wnwurws ypm
ydoub psoauu0d v 39 £ 19] puv Labajur aaagisod v 2q Y 33T g WI0IY T,

)[msal SUIMO[[O] 8] PAALISP ¢ UBD 31 RWWAT snoradxd
2y} woyy yey) Sunnou YoM st 31 ‘[gT] ut pauoljuew jou st 31 ySnoyyy

¢ g ewmo] ut waatd syjed ¥ ‘81

In---nBiy }in: e In

+Hnin - In In--nOn

(9)3g we s201490 Juadnlpy omy Auv usamiaq ¢ yibuay fo syjod
qurolsip abpa § — ¢ 151T2 249Yy) ‘UYL Yy < ¢ aubap wnugunu ypm ydoib
pagoauu0d v 29 £ 39] puv saboqur ampsod v 3q y 127 [01] '€'Z BWW]

"POYSI[BIS 9 ued Jnsal SULmMOo|
-[03 a3 pue ‘yurofsip 2q 03 waaoid are syjed ssoy)y ‘paspuy "4 pue ;) surof
pue ¢ yiSus| sey A[Snoiaqo orym (9)Ig wr a‘In - IniyigIn - In‘n
: ' yjed ® s1 a1ey) ‘erojeroyy, (M*o remonred suo yum ‘g yowo uSisse
ued am wayy ‘{y — ¢ 1} 198 188ejur ayy wr wisiydiouwrost ue aq A 197
(D)7 ur ¥n- -l pue }gIn- - In 9013104 ISIX 219y} ‘Bousnbesuco € se
pue ‘g — gy = £ {In-cnion} — (In)y > P pue g — gt =2
{rHin 1= In} — ()N 3 g 181X0 21943 ‘Y < ¢ JT (D)% Ul SOMIA
Juaoelpe om) aq THInd¥n- - In = A pue ¥n- - Indn = ) 197 'y < ¢ 22139p
umurrur yiim ydels pajosuuod B aq ) 19] pue IeSajut aangisod € aq i 19T
"yxou 31 Jussald [a am ‘sydeis
yyed jo serjradord auI0s SAYBISI[T 11 9OUIS PUR ‘SIOI1I0A Tu0R[pR om) Aue
udamjaq syred jurolstp-eSpe JO UONONIJSUOD A} UO Paseq SI J[Nsal ey} JO
joouid ayJ, 'ydeid yyed ® Jo AJA1I0UUOD 913} I0] PUNOQ ISMO[ B SAUSI[qe)Se
1 pue ‘[g7] ur 010119 Aq usAIS sem y JO onjeA Aue I0J pI[eA J[MSaI ISy Y
*AITATIOOUTO0D S)1
aanseawr 0} pasoold am ‘paroeuuod st ydeis yyed ' jeyl paysiqeise aduQ

sydead yjed jo £yA1p0suuo) zZ°g

08

"1 2 3 %81 03 owyduowsos st 9 (g
31 01 owydiowost st 9 (g
od B V 1wy3 yons ¢ yibua) Jo y yrod v puv {y'g} 3 fi ‘(g v swwguod 9 (1
§pjoY EUOKIPUOD
buwnoqjof ayp fo auo fi fiquo puv fi pagoduuodsp st (D)% ‘uayyp fipdwa
qou st (9)8g 1yz yons ydvib pagoounod v a9 H 127 [g1] 'Z'g WLAIodY],
+eyy £q pejouap st ydeid
Surynse1 ay ], a8pe ue £q Za 03 la utol ‘Ajreuy pue %a 10 Ta 03 IBYIL YIRS
‘xa319A 2u0 Aq sofSuel] jo 10s ® oan(8 i%a 03 10 Ta 0] Yora ‘X91I9APUL 3UO0 AQ
S2013J9A § JSBI[ 1€ (JIM SIeJS JO 19s ® an[d ‘Iayn] ! { JO X9HaA 2UO 03 YoBd
‘sa8pe Aq seo13aen juspuadepur Jo sjes ¢ utop ‘{Za‘la} = y aeym Ty Jo
wonprediq e aq (4 ‘Y) 191 pue ydeid anjrediq o191dwod ® aq Ty 197]
"T3 JO Xo1I8A
[ewads auo 0y g jo sadnIeA [ Surutol 4q § N Py woy paurejqo yderid e
ojousp Y37 191 ‘S0011I0A ST UsBMIBQ SOSPS OU YIIM G S9OILISA JO 39S B 104
"V 30 yyedqns e st %o ‘Ta‘0a yu & ur st ¢ qy3uad] jo y yyed y
‘D ut (Ed)A — (9)A Jo xe330a ® 0 Juadelpe st {Ta} — (fJ) A Jo X310 OU
‘10A00I0TA - Tn 03 Jusoelpe SI 31 9S€D SIY) Ul PUe g 99180p sey J1 10 ‘T 91dap
sey 2 pue I ‘0n jdeoxa Za pue Oa Jo IoquSeu AToAe YIym Ul fi‘%a ‘a0 ‘x
y38usy jo yyed ® yum H jo ydeidqns paonput ue sejousp J ‘AjsnoSoreuy
“fa'%a‘la‘0n = Y Ju Auo pue y &7 wr st y yed y {Za‘l} — (D)4 w
loquSeu e sey fa Iou 0o I8YIBU Jey) yons ‘€ ‘Za‘la‘la Les ‘g ysSudy Jo
yred e ur seo1reA ayj Aq paonpui o jo ydeiSqns ® sejousp S 397
"UOI}BIOU AIBSSI0RU aUIOS SUIONPOIIUL I8y “JXau
Jnsaz 1oy} jussard apy -j[Nsel [elrausd Iay) Jo uolsIeA payrdurls e pumnoj
[e1] [edarN pue rouy ‘g = y 10, "pejoeuuod 8q s (9H)%g eyl aroxd o1
aqqissod os[e SI 91 ‘g < ¢ 92180p winwruiw Yim ydeid pajosuuod e st 5 Ji
‘soplsag] 'PejdRUu0d SI ()T Os[e Pejoeuuod St H Ji jeyl - AJIsA 0} Ases
pue - juaroIyns sI 1 ‘ajdurexs I0 °SoNJeA [[eWS 03 ¥ J0IISal am j1 sydeid
yyed-y jo Apnjs ayy AJrpdurts ueo om JeY) 95RO 8Y3} USYO SI 31 JeY) JON

#Id P v 1oys yons “y yibua) fo 7 yod o pup
‘T—%5 15 0")g v suwpoo 9 fu o puv 1 pasuucdsp st (9)4d oy
"1+ 3 503) 90 ygub ypm ydoib pagoouuod v aq H T [g1] 1'T WRIAYT,
‘v 3o yredqns e st 7 jo aseq ayy J1 A[uo pue 1 *17 3 7 jey) Kes om
y qaSuar jo ¥ yied ® 10§ pue A7 jo asvg oy st I—7—¥a - Za‘Ta yyed oy,
("X A — (9)A wt x01304 & Y3 Jusoelpe st {T--%0- "2 Ta} — (V1) A
uT X9319A ou pue ‘dy wr g axe 1-¥-¥a- % ‘la Jo sve18ep oyl ‘*~Ya I0 On
WOy 7 UBY) 101ealS OU 20UEISIP JB I 1 Y7 JO Sa01310APUL YY) [[B JRY) Yons
(M- tet i T 0 T ¢ e - (T ) yyed DLIjSWRID B PUR 74 193
-oUIeTp YIM O UI 9913 PIONPUI UB 230usp am ' X7 £q‘z—¥S 3> opueg <
‘g pue y s1e891ur om} pue o ydeid e 10§ ‘[gT] ur uoryeIOU BY3 SuIMO[[O]
'AS0[OUIILI} SUIOS 3ONPOIJUL O} POOU dM 3IY 1[NSAI SIY} [



€8

‘1-(0)e < (D)X (v)
2 < (9)9 ypun ydvub pagosuuoo v 39 H 327 [g] "ZT1°T WeI0LY,

“WRI09Y} SUIMO[[o] a1y
paurelqo st )1 11'g ATe[[010) pue (]’ BWUIST JO 90uanbasuod 10911p © Sy

"sabipa-po puv sabpa-qv yj0q sUWDIUOD | DY YoNs ‘) ut
po puv qv sabpa Juaiaffip omy 35172 2Ly} UYL (D)% fo 1o abpa uv 2q ¥
PT 2 < (D) pup g < (9)¢ ypm ydoub v 39 9 327 ¢ *11°g Areroro)

'sabpa-qo {1 — (9)6ap ‘T — (v)ap}ureu 3sv3] 0 surpjuod 1 UBY}
‘sabipa-q suwuoo v J1 (9)d 3 qu 19 pup ‘(D)% fo ma 2bpa uv 3q (D D)
=V 127 ‘¢ < (D)9 ypm ydvub papouuod v 39 H 127 [g] *01'Z ewwuay

"PIoy s3nsaz Surmorioy ay3 wsyy, ‘{v} \ (9)9N 3 £ ‘fign ad4y 3y jo (D)% 3o
S801310A JO 108 a3 a3ouep Y0 191 Asnodoreuy {q} \ (0)ON > z ‘gz 2dLy
313 JO (9)%d Jo se01LIaA JO 198 a3 ajouap a7 191 (D)7 3 qv ueAlS Aue 10g
"A[earjoadser ‘0 = a pue @ = n 10 ‘g = m pue » = a uo Surpuadop ‘abpa-oq ©
1o abpa-qo ue (H)%g w1 man pue 2gp Fur1daUUOd AFPa 31 [[B2 sn 19T (D)%
Ut s80130A Jusoe[pe sonput 18yl H m syred om} aq m ‘a‘n pue 2'q‘v 19] pue
ydei8 e aq 5 107 'sydeid yyed-z ur salps jo sedAy Jualehip om] usamiaq
UOIUIISIP B YSI[qRISO 03 AIeSSa0aU SI 91 [g] Ul Iom ay3 puejsiepun oF,
'smo a8pa
Jo serjaadoad Apnis Lay3 ‘syzed jurolsip Surjonijsuco jo peajsuy ‘anbruyoa)
JuareyIp & Suisn Lyarpoeuuod oyj peipnys pue sydeid yjed-g uo pasnooj
s1oYIne 9Y] a19ym [g] ur pasord sem juemraAcrdunl SIYT, ‘g = ¢ 99180p wnu
-t yym 9 sydesd suros 10j spioy s (1 — 0)z < ((9)%)Y ‘10aomoy

(1-02 2 (D)X
‘way ] 'z < ¢ daubap wnwun ypm ydoib pagoaunod v aq o [T

:sfes 9'g WIRI0RYT, 7 = ¥ JU ‘90UBISUT 10
'symsal IodIeys urejqo us3jo Ued am y Jo sanfea [[ews o3 sydesd
yyed-y jo Apnis oY) Su1IOLIISAI UAYM ‘UOT1I38 sSnotaaid 9Yy) U MES oM Sy

"PaRoRUUOD
fppouszow st (D)¥ “way [ 1+ ¥ 509) 1 ypub puv ¢ < @ ypm ydvub svmbal
-9 P2399uu0d v 39 ©) 13] pup Labayur amapsod © 3 y 127 [g] *6'% Are[joao)

(1-0)2
< ((9)¥d)Y ‘wayr "1+ 1509 10 Y06 pup ¢ < ¢ 20.469p wnwnuw ypm ydoib
pa3oauu0d v 39 9 33) puv ubagur aaapsod » 3q y 327 [g] "8°Z WBI0LAYL

gt

ut erorey) pue eusnqreg Aq A[juepuedsput ueroid pue [g7] ur pajseSins sem

78

sty "1+ 9§ < 6 9q jsnux yorym ‘6 g3 a3 uo punoq Ismof ® yim 19110807
‘y < ¢ ‘ouo paxeper aowr & Aq paoerdar st ‘(T — ¥)g < ¢ ‘90180p 9Y3 UO
punoq 2y} Ji 3Iom os[e G'g pue ¢'g sewwa] 10§ sjoold a3 JeY} 010N

‘pagoouu0d fgpounzow st (D)3 ‘UYL (1 — )T < ¢ ypum ydoub sombas-g
Pa0auUN00 D 2 ©) 3] puv 1abaqur saapsod v 2q ¥ 327 [01] ‘L' Arejjoio)

"PaALIop 9q o j[usa1 Sutmolioj oy os (1 —¥) — 0) = ((9)d)e vew
‘remSe1-¢ st H 31 1Mq (1 - ¥) — 0)T < ((9)¥d)¢ 1erouas ul 3ey3 ANON

(1=~ 9)z < (9)M)Y ‘wayL “(1—3)z < ¢ asbop wnunurws ypm ydo.b
PaoauUu00 D 3q X) 3] pup saboqur ampsod v 29 ¥ 327  [01] *9'Z WLIOAY],

yde18 yyed e jo
A31A1309UUO0D 9Y3 10} PUNOQ I19MO[ 19339 B UIR}GO MOU UED aMm ‘9duanbasuod
® Sy "Se01ea om) Aue usemjaq syied Jo 39S julofsIp v wLIO) 1930803 [[e
‘seurta] omy snotaaid ayy ur peureyqo syed sy yeyy [1] ut umoys st 31
gz ewrwre] wl waald syted g ‘Sig

T+
?

%

*— *— & b ®

T+ in tn In On o o

‘(9)¥d ue sa0ruaa quaovlpo omy fiuv uzamyaq 1 — yg Yrbua) fo sypod jurolsip
abpa (T — ) — ¢ 3129 auayy ‘Y] “(1—¥)g < ¢ daubop wnunurw ypm ydoub
Pagoauu0d v 3q ©) 12] puv sba3ur ampsod v 3 ¥ 1T [01) "¢z ewwa]

PaurBIqo
2q ueo WIS SUIMO[[0] 3y} 0s ‘Jurofstp Afeursjut oq o3 uosoid are syjed
asoy} pue ‘yyed- 4 /) JUSISPIP & paureiqo st 31 (9)¥J ul sy[em-A /] 9503 Jo
yoes woxy L # 1 J1 i # %g pue o # I Jeyy 08 S301}I0A BY} SSOOUD URD M
(1—9)—9¢> 2> 10 sweSaur Aue 10§ (T — ¥)g < ¢ 0UIS “I9ACIOTN

* -+ g 1 3 [3. R RPN § AT |
Vg e bl g an UG : 3% pire VTG ¢~ SRg in fon Fp 01 i
O ur sy[em
o) aurmIajep yorym g+ % pue Ip ‘- - v $901310A JO S010UD B SISIXD

a10} (T —y)— @' """ ‘T = 2 Yowd 10} ‘y < ¢ 0UIS *(9)¥g Ul SD[I9A Juaoelpe
omy aq THIn¥n---In = A pue In " 1non = ) 197 (I — ¥)g < ¢ 99139p
wnurraru i ydeas pejoauuod B aq o) 3] pue 1e8ajut aa1yisod € aq i 19T



c8

Y-adns s1 (D)8 ‘UYL F < 9 2a4b9p wnwrumL Ym
puv sajbuviiy ou ypm ydoub pagoauuoo v 29 H 1P7  [11] "£Z'Z Walodyy,

“}[NSaI SUIMO[[0] 3y} Parold 8q UeD 31 gg'g WIAIOAY ], Ul se Sutuosesy
‘g < ¢ UOIIPUOD 3] pasu A[uo am sa[duelsy noyjim syders jo sydess yyed-¢
jo Lyarpoeuuocotadns oy} Apnys 01 ‘Qy'g WI0ay ], jo 2dusnbasuoo B sy

y-£2dns st (9)Eg ‘uayy ‘e < ¢ 9aubap
winupuiwe ypm puv ydoub pagosuuod v 99 H 7  [11] *Zg'g Waloayy,

"AJIAIJO9UUOD [RUWIIXRUI 99jURIRNS 0] YSNOous ST PIM ‘f Z ¢
Ujm sydeis o} pejoLIlsel J ¢ = y I0j S)Msol snoSo[eue urejqo ued ap

‘9 — 0% = ((9)%) ¥ puv Y-uadns st (9)3g uayf
¥ Z (D)X puv ¥ < ¢ ypm ydoub uppnboi-g v 39 9 397 [g] *12°Z WLI09Y],

:peaoxdwut aq ued
ureroayy snotaaid sy} ur pejusserd punoq Iomof ay) sydess remSa1 104

(1-9¢< ()Y
puv Y~sadns st ()% uayl g — 0 = ((9)%)e 1wyi yons ‘¢ X (9)x puv
€ < ¢ daubap wnununu ypm ydoib v 3 H 127  [7] *0Z'T WIICAYT

‘way? £Ajs1yes

Jeyy sydeis pejosuuod Aewrxewr o) jo syders yjed-g¢ pue g jo Lpanosu

-uodredns ayj Apnjs 1SN om ‘g = ¥ pue 7 = ¥ SOSed Y Ul AI1A1308UUO0D
[ewIXeul 99jueIend 0j SUOI}IPUOD PIXB[AI SIOW SIE JISY} 9OUIS ‘SapIsag]

T+H(1+9—9)2 < ((9)3) Yy st yorya ‘sydess yjed jo £11a1300uU00
-1odns 9y} 10] pUNOq I9MO[ [BIALI} B 03 9SII SBAIS We10ey) snorasxd ayT,

"y-4adns
s (9)3g Wy "1+ Y 3503 0 yub pup ¢ < ¢ ypm ydoub uvmbaus-g pagoIu
-u02 v 3q £ 13] puv 4abayur smpsod v 29 ¥ 197 [€ ‘01] "6T°'T Areroio)

Y~4adns st (D) ‘UYL (1 — ¥)T < @ Y1 ydvib opnbai-g
Pagoaun00 v 2q ©) 39] puv 4abaqur smpsod v 39 ¥ 397 [01) "81'Z WAIOAYT,

"SP[OY }{NSa1 SUIMO[[0] 3} 9SBD SIY) Ul ‘DIOUIIDYIIM "PIJOSUU0D A[[UIIXEW
St (9)%g uay) ‘(1—3)z < ¢ Y ydeis renSai-¢ pe1osuuod € st H Jt 1eys [01]
ur usaoxd sem 1 ‘1989qur aaryisod Aure STy yoym ur 9seo [ersuas oy 10
“UO13098
snotaaxd ayj} ur UsAIS A11A1308UU0D [RWIIXEUI 0] SUOIIPU0D Y3 AJsiies 1ey)
sydeid 9soy) 01 pa1oLI)sal ST UOI309S SIY3 ‘uoseal 1ey) 10 ‘A11a10eunodredns
SII JO sonfea 8y} Apnis 03 ‘os J1 pue ‘pajosuucdoredns jou 1o st ydeis oy Ju
mouy 03 SU1ISAIBIUL ST 31 ‘PaYOIUU0D AJ[RWITXRUI aq 07 UMOUY st ydeid e sou()

sydeas yjed jo Aya1poeuuodsadng ¢'7

¥8

(1—9)z = (D)%Y ‘woyL "¢ < ¢ 2aLbop wnwy
-urw ypm ydoub 2auf-a)6uniiy pagoauuod v 29 9 327 (11] *21'g Axefjoron

"A1e[[o100 SUIMO[[0] 8Y) 2)e}sd 03 sn
smofe sty pue ‘(1 — )z A10exa st ((D)%d)¢ ‘se[dureLny ou sey H uIg

‘pagoauucd abpa fppunzow st ()% udyL "€ < ¢ 2u4bdp wnw
-wrus ypm ydoslb auf-a)6uniug pagoaunod o aq o 337 [t1] '91'C wea0ay,

-syyde1s ooy-o[SurLI} € SI H JI H['g WAI0dYT, Ul 5 JO 22185 WU 37} UO
SUOIIPUOD aY} Xe[dI ued am sydeid yjed-¢ Jo ased a3 Ul ‘BIOUWISYIN]

(1-9)2 < ((9)d)x UL F< ¢
2aubap wnwurw ypm ydoub pagoauuod v 3q 5 197 [11] *e1'z Arefjoxo)

*AJoyeTpotIill S0
Arefjo100 Summoroy 3yl (1 — ¢)z < ((9)&)¢ ¥ey3 SulIdpisuod ‘uay[,

‘pazoauuod fijpounaow s1 (9)¢4 uayd 'y < @
aubap wnuuaw ynm ydosb pageuuod © 29 H 7 (11] *PT'Z WRI09Y L,

1Ry [11] UI UMOYS Sem 31 ‘g = ¥ Jey}
10€] 9Yj 0} aNp SUOIJLIIPISUOD [BIIUYII} SWIOS Surppe 1nq ‘g’z WLI0dYJ, 0%
as11 9ARS JeY) auo a1} se syjed JONIISU0D 0} POYIAW Te[lulls © Sumo[[o,]

(2 —90)z < (D)X
‘Uay ] 'y < ¢ saubap wnwaum ypm ydoub pa3oauu0d 0 39 O fJ

:sAes g'g WAI0dY,T,
¢ = § I0j JeY[) PIOIJON ‘¥ JO Sen[eA 198Ie] O} PIPUIIX? 3q JOUUED B} sydeid
yyed-¢ jo seriredord remorjred Sulsn parpnjs os[e sem ¢ = Yy 95€d YL
‘7 = (9)Y A1oexa S1 9 JO A)1A1309UU00-03Ps Y} JoadULYM 3[qIssod 3saq OS[e
st (q) 21°g W09y L, ueY3 ‘g — (9)0g < ((2)%)¢ Se ‘1940310 "om3 03 [enbd
2018ap wmurtutw 103 a[qissod 3saq s1 () g1°g weloey L, ‘@ousy T = ((D) eT)X
pue 1 = (9)Y ‘¢ = (D) yeys ses 0y Aseo st 9] ‘¢ Y3ud Jo yyed ® 4q
se[8ue1y om) Sururof £q peurto} ©H ydeid ayj IBPISUOD M JT ‘PaspuU] -a[qrssod
159q 918 Z]'7 WIRIOdY], UO SI[NSAI 3Y} 38y} 2d130u 0} SUsaruUl St 1]

22 (O £ 5 (9)eg < (D)) vYL
‘2 < ()9 ynm ydoub iopnbai-g pagoaunod © 39 9 127 _ﬂ '¢1'Z Are[joio)

22 (@)L T— D)9z (D)W (9)



L8

Lv-€E
“(2002) QST “wawny -sbuoy ‘sydeid yyed jo Ayanosuuo) ‘oreiidg q [11)

'99-6¢ ‘(£002)(1)3L
“uptuawo) ‘) YWY vy ‘sydels yied jo Ly1anoeuuo)) ‘oiiieg ' [(01)

'881-181 ‘(v002) ()6
“unwwoy) Yoy ‘syderd sousprout jo syderd yred uQ ‘Quoyui) ‘g [6)

vs-6v ‘(¥002) (1)L
fiydouboydfian puv s90u2108 [0IVWAYIDJY 232428y fo pouunop ‘syders)

y1ed Jo I9jowel(] ‘IBneysIepy ‘[ ‘Io[Ae], "y ‘oxeuag ' ‘Suny) ‘H (8]

(9661) T1°H
pue wewdey)) ‘sydoubiq puv sydoiH ‘Nemuse] ] pue pueiey) ‘D [

Fry-LTh
“(6861) €T “fuoay] ydvsn °p ‘sydeis yyed ‘opeoy "D ‘ewsioorg [H [9)

"667—L8Y ‘(V861) 8 “fiuoay]
ydpas) *f ‘SSATIORAUUOD IRY) PUE SJUBINOIL) ‘[[PPULT, “Y Pue yosaog "J [g]

"921-T11 '(6661) (Z)IIIAXT ‘uviu
-2woy) ‘) YN vy ‘syderd yyed ur rejeurer(] ‘eoump ‘J ‘ued 'y (¥

'812-€12 (¥002) (£)982 “y1v| 27240817
‘syydead yyed-1g ur A31a1300un00-08py ‘Zenbzep -eioren) J ‘eusnqreq D (g

‘0¢-€1
‘(€00z) (£-1)692 ‘“yrojy 2j2u081q ‘sydess yred-3 jo AAIOIUUOD
08pe 1adns pue Ajanoeuuco-o8py ‘o Q ‘eusnqgreg D [g]

"19-¢ ‘(2661) (1)92 “fuoayf ydoun ‘1 ‘sydess 10§ swstydiouwrost
&4 ‘wesdip ‘g ‘TSuwtwumey Ty ‘weySuyiy ‘NN ‘PeIPIY “TEY [1]

S9OURIRJOY

T+ T — 958 = ((D) &)Y Uy "¢ < ¢ daubop wnususul
ypm puv sajbuvwy ou ypm ydoib pagauucd v 2q 3T  '6'¢ ATe[[010D

"pagoauu0d abpa Apppunzow st (9)EF uayyf ¢ < ¢ subop wnwgurwt
yum puo sa)uviy ou ypm ydoub papoauucd v 99 X 37  'f'€ WRI0dYL

‘urejqo ued om L1'C
£1R[[0100) PUE 9T'Z WAI0AY T, ‘s U uorjonpui Suisn ‘eses jeyy uy ‘sydess yyed
-¢ pue so[Suerr} oy sydeid jo ased ayy st suorjersy ydeid yjed zopun
poatesaxd axe 1+y < 6 Y3118 ayj uo SUOIIPUOD Y3 Yorym ut uondaoxe uy

98

T+ 68— 95T ((D)EI)Y oYL 7 < @
gaubap wnwaurue ypm ydoub pagosuued v 3q 0 327 [11] *2°'¢ Arefjoxo)

O “papsuucd fiyppunzow st ()54 uayr v < ¢
satbop wnununw ypm ydosb pagoouuod v 39 H 127 [11] '9'€ WLI0AYT,

O ‘pagprauucd fpunzow st (9)id ‘UYL g < (D)X
puv g < (D) ynm ydoub sojnbas-g paoauuod v 29 9 PT "G’ WAI0AYJ,

(9)id pue
(9) &7 03 pazierauad aq UEO ‘UOIYIPUOD 92IFP WINTUIUIW B UO Paseq syderd

yyed-g pue g 10§ paureiqo sjususaoduit o1y s w0 uojonpur Aq ‘Apreprurg

Y-sadns 51 (9)0d 'S
uabyur aapsod fiusaa sof “‘uayf (1 — §)g < ¢ 2aubap wnunww ypm ydosb
Pagoauu00 v 3q ) 33 puv 4aboqus ampsod v 2 ¥ PT  [01] ‘P Are[joio)

"pa3o2uu0d fijjounroul §1
(9)3d ‘s 4aboyur anapsod fisaaa sof ‘wayy (1 — ¥)T < ¢ Yy ydvib iombas
-¢ Pagoauu0d © 39 5 33) puv sabajur saisod v 2q ¥y 37 *g'g Are[joro)

"Kre[jo10o Surmo[[o} o) usaoxd aq weo 31 ‘Afre[ruirg

T+ 6 — %wm
2 ((9)dd)x ‘1 < s fuand sof ‘uayf (1—Y)g < ¢ 2a4bap wnurusus ypm ydolb
Pa3oauu02 » 39 £) 39] puv Labaqur amusod v 29 ¥ 197 [01] *Z'g Are[[oio)

‘ueA1d sem (7 WeI0ay ], Jo Are[jo1oo Summofo] a3 ‘10jeiado ydeid yyed
3Y} JO SUOIIRIdY! JO IBQUUNU 3Y} UO UONINPUI Aq ‘aI0je1ay], ‘[gT] uoryesayt
ydei8 yed sy topun paarssaxd st (1 — y)Z < ¢ UOIIIPUOD a1} 'IOAIMOY

eYINT+Y
uey} 103018 aq Ieasu ued syderd yjed-y e jo yjus oyl ‘spiom Iayjo ujf

"ISUNLIYI0 | pup ‘sapbumvii) svy £) pup
240 1 =4 fr ¢ st (D) fo yrub ay3 ‘uayf -y < @ 2aubop wnuguny ypm
ydoub pagosuuod 0 29 £ 19) puv 4abour uv aq y 327 [01] "T°§ BWWL]

‘sydead yjed pajelaln 03
papua)xa aq jouwred Y1nS 98Ie[ UO paseq SIMsel oY} JeY} SMOYS jnsal Jul
-mof[oy oy, -o8re[ aq y3ais oY) 18y asoduir pue 89189p O} UO PUNOY IAMO]
a3 Xe[21 JRY) SISl oIe JIAY) ‘apIs I91[10 oY) U0 pue ‘ceifep wmurruru
urey100 © Suiaey sydeid o3 A[dde jeyy synsa1 ore 919Y) APIS U0 U() "sal108
970 JULIAPIP OM) OJUI POYISSE[d aq Ued UOIPas snotadad ayy ur pajussard
am 1y} (9)Yg Jo Lyanoeuuoo oy Apn3s 03 9 ydeid e uo SUOI}IPUOD 8YJ,

sydeasd yjed pajersyy ¢



88

‘zge-gee (€661) (v)6 “urquio)
sydv.n ‘s1oyerado yders yyed pue auy| ay3 Jo sotwreudp oy J, ‘Iusud H

‘GT1-96
“(LZ6T) OT “Ypopy "pung ‘euI0aYjULAIMY] UsulowWaI(e M7 ‘IDFUSIN "}

"ep1-GeT ‘(L661)
cT “wquon r sopusny ‘sydeid-tg jo smsmydrowosy ‘oelg 7 ‘17 X

"Z0E-96T ‘(8661) 6% “urquio) siy
‘syyde18 jo uoryewIIojSURI}-Ef I0] We[qoid uoryeuINIagaep 9yl uQ ‘1T ‘X

V5962 ‘(WJPH) T “IOA ‘66, Mooy} ydoub pup sor0puquio)
‘sydeis jo uorjeulIojSURI}-EJ 10} Wa[qoid UOIRUIUILIP Y3 UQ 1T ‘X

Z61-181 ‘(g661 ‘Swiltog) suovoyddv puv swypiob
‘“fiuoayy ydoub ‘somoppurquioy) ‘sydeld yyed jo A3aroeuucd aYyg, ‘1T X

"997-€97 “(€661) LT
‘“fluoay ] ydoun r ‘syders yyed jo uoneziiajoereyod ay} uQ ‘U7 "X ‘1T 'H

P81-GLT ‘(200T) 9T “quoD °[ uDLSvIDL
-sny ‘sydeis yyed jo £31a1309uu0)) ‘YR[EIN ‘N Pue [pda1N 7T ‘10U "

"191-18T (1002) €82 ‘W2
272408y ‘sydeis yjed pajersyt ul mejewrerq ‘pdetN T pue 10Uy N

'661-181 (0002) 0T 02y ydvs9
oy ssnasyg ‘sydeis yyed jo Ananoeuuo)) ‘fedsiy T pue 10Uy ‘I

‘(6961) VIN Sutpeay ‘Ao[sep\-uosippy fiwoay [ ydviy Arereq '

t44
[12]
[0z]
(61]
(81]
(21]
(91]
(e1]
v1l

[e1]
[21)



