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Abstract

Fora given graph G and a positive integer k the k-path graph, P(G),has for vertices
the set of all paths of length k in G. Two vertices are adjacent when the intersection of the
corresponding paths forms a path of length k —1 in G, and their union forms either a cycle
or a path of length k+1 in G. Path graphs were proposed as an extension of line graphs.
Indeed, P;{G) coincides with the line graph of G. The diameter of line graphs and 2-path
graphs have been previously studied and more generally, some bounds have presented in
the case k < 5. In this paper we present upper bounds for the diameter of iterated k-path
graphs for any positive integer k, which improve the known upper bounds.

Keywords : Path graph, diameter, girth, degree.

*This paper summarizes the result of a research project carried out at the Mathworks
Summer Math Camp. Daniela Ferrero was the supervisor.

tCorresponding author.

Journal of Discrete Mathematical Sciences & Cryptography
Vol. 7 (2004), No. 1, pp. 49-54
© Taru Publications




50 H. CHUNG ET AL
1. Introduction

The k-path graph corresponding to a graph G has for vertices the
set of all paths of length k in G. Two vertices are connected by an edge
whenever the intersection of the corresponding paths forms a path of
length k —1 in G, and their union forms either a cycle or a path of length
k+1 in G. Intuitively, this means that the vertices are adjacent if and
only if one can be obtained from the other by “shifting” the corresponding
paths in G. Following the notation used by Knor and Niepel, the k-path
graph of G will be denoted as Py(G). Path graphs were introduced by
Broersma and Hoede in [3] as a natural generalization of line graphs. A
characterization of P, -path graphs is given in [3] and [8], some important
structural properties of path graphs are presented in [10], [11], [12] and
[1]. Distance properties of path graphs are studied in [2] and in [6]. The
edge connectivity and super edge-connectivity of line graphs was studied
by Jixiang Meng in [13]. The connectivity of path graphs was studied
by Xueliang Li [9], later by Knor, Niepel [5,7], and Mallah [7] and more
receﬁtly by Balbuena [2], and Ferrero [2,5, 6].

2. Definitions, notation and previous results

Let G = (V,E) be a simple graph, i.e. with no loops or multiple
edges, with vertex set V(G) and edges E(G). The neighbourhood of a
vertex v is the set N(v), of all vertices adjacent with v. The degree of a
vertex v is deg(v) = [N(v)|. The minimum degree of the graph G56(G), is
the minimum degree over all vertices of G.

A path of length n in G between two vertices # and v is a sequence
of vertices u — xp,¥1,...,x; = v where (x;,¥;+1) is an edge for i =
0,...,n—1. A graph G is called connected if every pair of vertices is
joined by a path. A cyclein G is a path u = xg,x1,..., %y = 1. The girth
of a graph G is denoted by ¢(G) and it is the length of a shortest cycle in
G. :

The distance between two vertices in G is the length of a shortest
path joining them. Then, the diameter of a graph G, denoted as D(G),
is the maximum distance between any two vertices of G. Notice that for a
disconnected graph G, D(G) = 0.

The k-path graph corresponding to a graph G is denoted as FPx(G)
and has for vertices the set of all paths of length k in G. Two vertices
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are connected by an edge whenever the intersection of the corresponding
paths forms a path of length k — 1 in G, and their union forms either a
cycle or a path of length k-+1 in G. The connectivity of k-path graphs
was previously studied by Knor and Niepel [5]. They introduced some
notation to formulate an important result that we recall next.

For a graph G and two integers k and t,k > 2 and 0 < t < k— 2,
Py, denotes an induced tree in G with diameter k + ¢ and a diametric
path (x1,x,_1,...,%1,00,01,..., 04—y, Y1,Y2,...,yt) such that all the end
vertices of P,:‘/ ¢ area at distance no greater that t from vy or v;_,, the
degrees of v1,vp...0p_4_1 are 2 in P¢, and no vertex in V(PE,) —
{v1,02... 9441} is adjacent with a vertex in V(G) — V(P{,). The path
V1,02...0_;_1 is the base of P,:t, and for a path A of length k we say
that A € Py, if and only if the base of Py, is asubpath of A.

Theorem A ([5]). Let G be a connected graph with girth at least k + 1. Then,
Py(G) is disconnected if and only if G contains a PE,,0<t<k-2,anda
path A of length k, such that A ¢ Py,.

Given a simple graph G and a path of length k in it, let us say
o, U1,..., Ug, We are going to denote the: vertex in Py(G) by U =
Ugly ... U

3. Diameter of k-path graphs

The study of the diameter of a graph is interesting for connected
graphs, Knor and Niepel [5] provided in Theorem A a characterization of
connected k-path graphs P(G) of graphs with large girth. In this section,
we present upper bounds for the diameter of those graphs.

Lemma 3.1. Let k be a positive integer and let G be a graph with minimum
degree 6 > 2, girth ¢ > k41 and such that Py(G) is connected. If U and
V' are two vertices in Py(G) determined by paths in G with share an endvertex,
then there is a path of length 2k joining U and V.

Proof. Let the vertices U and V be determined by the paths U =
upy...ux and V = wyv1...v; in G. Since the paths wg,u9,... 1
and vg,v1,...,v; share an endvertex, without less of generality we can
assume #y = vg. Since § > 2 and g > k+ 1, there exists a vertex
xx € N(up)\ {ut,...,g_1,v1,...,04_1}, and as a consequence, there
exist vertices Uy = xgugu;...1p_q and Vi = x090;...05_1 in P(G),
Up € N(U) and V; € N(V). Notice that the paths up, U, ..., U and
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V0, V1,...,0; could eventually share more vertices than an endvertex.
Indeed, we can repeat the previous procedure with U and V3 and obtain
a vertex xg_1 € N(xg) \ {t0,-.., Vk—2,%0, .-, Vk~2} and vertices Up =
Xp_1XxUoUy - - - Ug_p and Vo = Xg_1XVg01 ... Uk—2 iN P(G), Up € N(Uy)
and V, € N(V1). Repeating this procedure k times we will obtain two
paths in P(G), Ug... Uyl and VVy... Vi, where Uy = x1... Xl and
Vi = x1...x¢0p. Then, Uy = Vi because 1y = vy and we have a path
in Pk(G),the path u,Uuy,..., Ug_q, Uy, Vic1,--. V1, V,joining Uand V.
Clearly, the length of that pathis 2k. O

The above lemma can be extended to two vertices in P¢(G) whose
corresponding paths in G share a vertex, which is not necessarily and
endvertex. We are going to prove it, but to simplify the writing we first
introduce some notation. '

Let P be the path ag,41,...,8; in G. If ¥ > k and no two vertices
at distance smaller than or equal to k to P coincide, there exist vertices
aoay ... and a,_gd,_gi1..-ar in Pe(G). Moreover, the path P induces
a path in Py(G) between them, which is going to be denoted as I;(P) or
equivalently, Ix(ag, a1,...,ar). Note that I;(P) haslength r — k.

Lemma 3.2. Let k be a positive integer and let G be a graph with minimum
degree § > 2, girth g > k+1 and such that P(G) is connected. IfUand V
are two vertices in Py(G) determined by paths in G which share a vertex, then
there is a path joining U and V. Moreover, such path has length at most 2k.

Proof. Let the vertices U and V be determined by the paths U =
ugtty ... 4 and V. = oov1...7 in G. If the paths ug,uy,..., U
"~ and ©vg,v1,...,0; share an endvertex it suffices to apply Lemma
3.1. If not, there exist vertices us; and vt such that u; = v and
{ug, ..., 51} N {vo, ..., 01} = 0. Without loss of generality we can
assume s > t. Then, proceeding as in the proof of Lemma 3.1,
since 6 > 2 and g > k+ 1 it is possible to construct a path
Xp, ..., %s41, 4o which gives rise to the paths L%k, - Xsg1, Mo, - - - UE)
and Ik(xk,...,xs+1,u0,...,us,...,vt+1,...,vk) in P¢(G). The union of
those two paths determines a path in Py(G) joining U and the vertex
Us—p.. . Us_10 ... Vg At the same time, the vertex #s—s...Us10¢.. .k is
connected to V. Indeed, if we proceed as in the proof of Lemma 3.1,
since 5§ > 2 and g > k+1 we can find a path vy, yo,...,Y1—1 In
G from which arise the paths Ik(us_t..v.us_lvt...vk, Yo, .-+, Ye—1) and
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I(vg... 0% Yo - - Yi—1) in P(G). Thus, the union of those paths connects
Us—t...Us_10t...0x with V. As a consequence, there is path joining U
and V obtained from the union of the previous paths. Furthermore,
the lengths of the four original paths used to conmect U and V are
respectively k -s, k—t, t and t, so their union has length 2k — s + ¢
and since s > ¢, itis at most 2k. 0

Lemma 3.3. Let k be a positive integer and let G be a connected graph with
minimum degree 5 > 2, girth ¢ > k+ 1 and such that Pr(G) is connected.
If U and V are two vertices in Py(G) whose corresponding paths in G do not
share any vertex, then there is a path of length at most 2k + D(G) joining U
and V.

Proof. Let the vertices U and V be determined by the paths U =
gty .. .Uy and V. = wgvy...v; in G. Let us assume that the shortest
path between {ug,...,ux} and {vg,..., v} is the shortest path between
the vertices us and vy, us = 2g,21,...,29 = v:. Note that because
of this choice, {ug,..., ux} N{z1,...,2g_1} = 0 and {vy,..., v} N
{z1,...,24_1} = @. Since § > 2 and g > k+ 1 there exist paths
Xk, ..., Xs+1, 4o and Ok, Yo, ..., Yi—1, in such a way that there are paths
Ik(xk, covy Xgp1, UHoy e .,uk), Ik(xk,. cos Xgt1, U ey Us, 2,00 12314000y
Ok, You - -, Yi—1) and L(vo, ..., Uk Yo, ..., Ye—1). The union of those three
paths forms a path joining U and V. Besides, the lengths of those three
paths are respectively k —s, d +k —t and t. Therefore, the total length
will be 2k +d —s. Since s > 0 and d < D(G), we conclude that the
length of the path between U and V is at most 2k + D(G). O

As a direct consequence of the previous lemmas we can obtain the
following theorem regarding the diameter.

" Theorem 3.4. Let k bea positive integer and let G be a graph with minimum
degree 5 > 2, girth ¢ > k+1 and such that Py(G) is connected. Then,
D(P(G)) < D(G) + 2k.

The previous theorem complement the results from Knor and Niepel
[6] and Belan and Jurica [2]. Moreover, they improve the upper bounds
presented by Belan and Jurica for 2 < k < 4.
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