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Abstract

A generalized p-cycle is a digraph whose set of vertices is partitioned in p parts that can be
ordered in such a way that a vertex is adjacent only to vertices in the next part. The families of
BGC(p.d,d”) and KGC(p.d.d" * +d") are the largest known p-cycles for their degree and
diameter.

In this paper we present a lower bound for the fault-diameter of a generalized cycle. Then
we calculate the wide-diameter and the fault-diameter of the families mentioned above. by
constructing disjoint paths between any pair of vertices. We conclude that the values of these
parameters for BGC(p,d,d”) and KGC(p.d.d"™ + d”) exceed the lower bound at most in
one unit. © 1999 Elsevier Science B.V. All rights reserved
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1. Introduction

Interconnection networks are usually modeled by graphs. The switching elements
or processors are represented by the vertices. The communication links are repre-
sented by edges (if they are bidirectional) or arcs (if they are unidirectional).
Some concepts in Graph Theory appear to be specially useful in order to analyze the
efficiency and the reliability of an interconnection network modeled by a graph. For
instance, the diameter is a measure of the transmission delay and the
connectivity and the fault-diameter are related to the fault tolerance of the
network.

Some other parameters, such as the s-wide-distance and the s-wide-diameter
[9-11,15], have been considered in relation to the existence of a number of dis-
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joint paths of bounded length between the vertices of the graph. The s-wide-diameter
is closely related to the s-fault-diameter. In some cases, these two parameters have
the same value and, in general, the s-wide-diameter is an upper bound for the
s-fault-diameter. The definitions of these concepts are given in Section 2.

The existence of disjoint paths of bounded length in de Bruijn and Kautz digraphs
have been studied in [3,14]. As a conclusion, its s-wide-diameter and s-fault-diameter
appear to be almost optimal. These parameters were studied in [17] for the bipartite
digraphs BD(d,dP~=* + dP~') with similar results. These families of digraphs were
proposed as solutions to the (d, D)-digraph problem, which consists in finding digraphs
with order as large as possible for fixed values of the maximum out-degree d and
the diameter D. Actually, de Bruijn and Kautz digraphs are the best-known general
solutions to this problem and the digraphs BD(d,d”~3+dP~") [5] are the largest known
bipartite digraphs for general values of the degree d and the diameter D. All these
digraphs are iterated line digraphs [5,6]. Actually, the disjoint paths of bounded length
between the vertices are constructed using this fact. Besides, iterated line digraphs have
in general very good properties in relation to the connectivity and the fault-diameter
[4,16].

A generalized p-cycle is a digraph whose set of vertices is partitioned in p parts
that can be cyclically ordered in such a way that any vertex is adjacent only to vertices
in the next part.

In this paper, we study the s-wide-diameter and the s-fault-diameter of two fam-
ilies of generalized cycles that have been recently introduced in [8]: the digraphs
BGC(p,d,d°=P*!) and KGC(p,d,dPP*! 4 dP~2r*!), These digraphs, which are it-
erated line digraphs, are the largest known generalized cycles for general values of
their number of parts p, degree d and diameter D. If we take p=1, we find the de
Bruijn and Kautz digraphs in these families. The bipartite digraphs BD(d,d?~3+4dP~ ")
appear when p=2.

In the next section we present the most relevant definitions and the notation we are
going to use in the following. In Section 3, we will calculate a lower bound for the s-
fault-diameter of a generalized p-cycle. In Sections 4 and 5, we determine the s-wide-
diameter and the s-fault-diameter of the generalized cycles BGC(p,d,d°~P*') and
KGC(p,d,dP=7*! +dP—2P*1) To do this, we prove that there exist in these digraphs
d disjoint paths with length at most D + 2 between any pair of different vertices. The
s-fault-diameter of these digraphs exceed the above mentioned lower bound in at most
one unit. These results generalize the previous results about the s-wide-diameter and
the s-fault-diameter of the de Bruijn and Kautz digraphs and the bipartite digraphs
BD(d,dP3 +dP1).

2. Definitions and notation

We are concerned only in directed graphs, called digraphs for short. See [2] for the
definitions of the concepts about digraphs that are not defined here.



D. Ferrero, C. Padré! Discrete Mathematics 197/198 (1999) 285-298 287

We define next two parameters, the wide-diameter and the fault-diameter, related to
the vulnerability of the network. These parameters and the notation we use here were
first introduced in [9,10]

The (s — 1)-vertex-fault-diameter, D,(G), of a digraph G is the maximum of the
diameters of the digraphs obtained by removing at most s — 1 vertices from G. The
(s — D)-arc-fault-diameter, D)(G), is defined analogously.

Let x and y be two vertices of a digraph G. Two paths from x to y are said to
be vertex-disjoint or disjoint if they do not have any internal vertex in common. A
container from a vertex x to another vertex y is a set C(x, y} of disjoint paths from x
to y. The width w(C(x,y)) of a container C(x,y) is the number of disjoint paths
that it contains, and its length, I(C(c,y)), is the maximum length of its paths. For
an integer s, 0 < s < k(G), the s-wide-distance from x to vy, d(x, y), is the minimum
length of all containers of width s from x to y. Finally, the s-wide-diameter of the
digraph G, d(G), is the maximum s-wide-distance among all pairs of different vertices
in G.

In general, the following relations hold between the wide-diameter and the fault-
diameters: d (G) = Dy(G) and d(G) = D(G). Also there exist some relations between
these two parameters, the connectivities and the diameter. From the definition, D|(G)
and D|(G) coincide with the diameter of G. If x = k(G) there is a container of width «
between every pair of distinct nodes. Clearly, DA{G) < Dy, ((G) and D{(G) < D/ (G).
In particular, since D{(G)=oc if G is not strongly connected, the vertex-connectivity
Kk = k(G) and the arc-connectivity 4= A(G) are, respectively, the minimum values of s
satistying Dy, (G) =00 and D, (G)= .

We recall here the definition and some properties of line digraphs. See, for example,
[6] for proofs and more information.

In the line digraph LG of a digraph G each vertex represents an arc of G, that is,
V(LG)={uv]|(u.v) € A(G)}. A vertex uv is adjacent to a vertex wz if v=w, that is,
whenever the arc (u,v) of G is adjacent to the arc (w,z). The maximum and minimum
out- and in-degrees of LG are equal to those of G. Therefore, if G is d-regular with
order n, then LG is d-regular and has order dn. Besides, if G is a strongly connected
digraph different from a directed cycle, the diameter of LG is the diameter of G
plus one.

The iteration of the line digraph operation is a good method to obtain large digraphs
with fixed degree and diameter. If G is d-regular with 4> 1, has diameter D and
order n, then L*G is d-regular, has diameter D + k and order d*n, that is, the order
increases in an asymptotically optimal way in relation to the diameter.

The set of vertices of the iterated line digraph L*G can be considered as the set
of all paths of length £ in G, that is, the set of the sequences of vertices of G
with length & + 1, xgxy...x;, where (x;,x;4,) 1s an arc of G. A vertex x =xyx, ...\
in L*G is adjacent to the vertices y=x...x:x;,, for all x;., adjacent from x;.
A path of length 4 in L*G can be written as a sequence of & + & + | vertices
of G. The vertices of this path are the subsequences of k + 1 consecutive vertices
of G.
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The purpose of this paper is to calculate the s-wide-diameter and the s-fault-diameters
of the digraphs in two families of generalized cycles, BGC(p,d,d”~7*') and
KGC(p,d,dP~P+! + dP—2r*+1) that were introduced in [8]. We define next these
digraphs and present some basic propertics. See [8] for proofs and more
information.

A generalized p-cycle is a digraph G such that its set of vertices can be partitioned
in p parts, V(G)= U, 2 V, in such a way that the vertices in the partite set V, are
only adjacent to vertices in V,.;, where the sum is in Z,. Observe that, for instance,
a bipartite digraph is a generalized 2-cycle.

The conjunction of a directed cycle of length p with a digraph G=(V,4), C,® G,
has set of vertices Z, x V' and a vertex (a,x) is adjacent to the vertices (a + 1, y)
for any y adjacent from x in the digraph G. Observe that C, ® G is a generalized
p-cycle for any digraph G. The line digraph of C, ® G is isomorphic to C, ® LG. It
is not difficult to see that the mapping (o, x)( + 1, y)+— (o + 1,xy) defines a digraph
isomorphism between L(C, ® G) and C,® LG [8].

3. Bounds on the fault-diameters of generalized cycles

If G is a digraph with D,(G)=D’, there exist at least s + 1 paths (not necessarily
disjoint) of length at most D’ between any pair of non-adjacent vertices of G.

Let G be a generalized p-cycle with maximum out-degree d and order n. Let r such
that D(G)=D', with D/ —(p—1)=pm+r and 0 <r < p— 1. Then, if x€V,_,
and y €V, are two non-adjacent vertices of G, there must exist s + 1 paths of length
at most pm + r from x to y. There are at most d"(1 + d? + d*? + --- + dP™) paths
of length less or equal than pm + r from a vertex in V,_, to the vertices in 7.
Therefore,

p(L+ [(d7 +d°P + -+ d"™)/(s + 1)) if r=0,
n= SVl <{ pd+ (@ +dH o p s+ 1)) i r=1,
< P (1+d? + - +d™)(s +1)]) if r£0, 1.
Then, D(G)=D"=p(m+ 1)+r+1 =}, where
[log, (£ = (s + 1)(d” = ) +d")] =1 if r=0,
=14 Nog,((5 —d)s+ 1)d" = 1)+d" )] -1 if r=1,
[log,(L(s + 1)(d” — 1) +d")] — 1 if r#0,1.

Therefore, if G is a generalized p-cycle with maximum out-degree ¢ and order n, then,
Dy(G) =z mingg,<p 1 {p= /). We have found a lower bound for the (s — 1)-vertex-
fault-diameter.
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Proposition 3.1. Ler G be a generalized p-cycle with maximum out-degree d and
order n. Then, for any s=2,..., d.

DJ(G) = Dyin(s. p.d.n)= [log(, ((% - c/) (s+ 1)d" — 1) +d" ‘ﬂ - 1.

If G is a digraph with D/(G)=D’, there must exist at least s + 1 paths of length
at most D’ between any pair of different vertices. Rcasoning in the samc way as in
the vertex case, we can obtain a lower bound for the (s — 1)-arc-fault-diameter of a
generalized cycle.

Proposition 3.2. Let G be a generalized p-cvcle with maximum out-degree d and
order n. Then, for any s=2,....,d.

DI(G) = Dly(s. prdin)= [log(,((% - 1) (s + 1)(d" ~ 1)+d”)] — 1

Since d.(G) = D,(G) and d(G) = D(G), the bounds obtained arc also bounds for
the s-wide-diameter.

4. Fault-diameters of BGC(p, d, d**")

The values of the vertex-fault-diameter and the arc-fault-diameter of the generalized
cycles BGC(p.d.d**"), p > 2, are given in this section.

The generalized cycle BGC(p,d,dP "*'"Y=BGC(p.d.d"!") is, by definition, equal
to C, ® B(d.k+1), where B(d,k+1) is the de Bruijn digraph with degree ¢ and diam-
eter k+ 1. The de Bruijn digraph is an iterated line digraph, B(d.k+1)=L"K, where
K is the complete digraph with a loop on each vertex. Therefore, BGC(p.d.d" ') s
also an iterated line digraph,

BGC(p,d.d*")y=C,2'K} =L"C, 2 K})=L"BGC(p.d.d).

The set of vertices of the digraph BGC(p.d.d) is Z, x Z; and a vertex (x.x) is
adjacent to (x + 1,y) for any y € Z,. This digraph is d-regular and has diameter p.
The vertices of BGC( p,d.d**"), which is d-regular and has diameter p+k, can bc scen
as sequences of vertices of BGC(p,d.d) (a, o)+ 1, v)...{a+k y;), where x€ Z,
and v,€ Z;, i=0,1,...,k. Observe that BGC( p.d.d”) which has diameter 2p — 1 and
order pd?”, is isomorphic to the directed butterfly B(p) [1].

Particularly, we are going to prove, in a constructive way, that there exist a container
of width d and length at most p + k& + 2 between any pair of different vertices of
BGC(p.d.d**"). Besides, only one path of this container have length p + k + 2 and
the other paths have length at most p + & + 1.

First of all, we present these containers in the smallest digraph in this family: the
generalized cycle BGC(p.d.d)=C, K. Next, we show how to construct containers
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of bounded length between any pair of adjacent vertices of BGC(p,d,d**"). Finally,
taking into account that these digraphs are iterated line digraphs, we prove that con-
tainers between any pair of different vertices can be found from containers between
vertices in a smaller digraph in the same family.

Proposition 4.1. Let x and y be two (not necessarily different) vertices of the gener-
alized cycle BGC(p,d,dy=C,®K;, p = 2. There exist in this digraph a container
of width d from x to y with length at most p+ 1.

Proof. We can suppose that x is in the partite set ¥, ={0} x Z; and that y € ¥}, = {k}
xZ;, 1 <h < p (of course, V,=V). If p =3 and h# 1,2, there exist many different
ways to ﬁnd a container with width d and length h from x to y. Any path of these
containers is in the form xa ..o _,y, 1 < d, where o € V, and of Lol if i j. If

=2 and h=1, we have a path of length 1, the arc (x y) and we can take d — 1

dlSJOlnt paths with length p + 1 in the form xa!. ocp 4y, 1 <i<d— 1, where

a eV, of o if i#j, ol #y and apyéx. Finally, if A=2 there are exactly d paths
of length 2 from x to y, which are disjoint. [

Let x, y be a pair of adjacent vertices of BGC( p,d,d**"). Since this digraph is the
iterated line digraph L"(Cp ®KY), we can put x =xox; ...x; and y =x ...x; X4 1, where
x, 0 < r < k+1,is a vertex of C,, ®K;. Besides, we can suppose that x, = (r,j) € Z,, X
Z,, that is, that x, is a vertex in the partite set V. of the generalized cycle C, RK.
We want to construct d disjoint paths with length at most p + £ + 2 from x to y.
The first of these paths is the arc (x,¥)=x0x|...x:xr, (. The other paths are going
to be constructed from disjoint paths from x; to x; in C,® K} and will have the
form xpx; ... Xp@k1GQp42 - - GperX] - XpXpg1 , With # < p 4+ 1. Since these paths cannot
contain the arc (x,y), we must take ay,y # x5 and a;,. #xp. That is, we have to
find a container of width d — 1 and length at most p 4 2 from x; to x; in C, ® K
such that all the paths in it have their first and last arcs, respectively, different from
(xk,xk_.‘.l) and (xo,x1 )

If pz3and k=h (modp), 1 <h< p—2, then x, =x; or 3 <d(x,x)=p—h+
1 < p. In this case, we consider d — | paths from x; to x; in the following form:
Xk By -2 01, where 1 <s<d — 1, 0 | #Xpp1, zxgaéxg and aj;éa;?/ if s#5.
These paths are disjoint and have length p — 2+ 1.

If k= p—1 (mod p), then d(x;,x,) =2 and there are exactly d paths of length 2 from
xx to xy. If x4y =xp, we consider the 4 — 1 paths of length 2 that avoid the vertex xy:
the paths xkoc“'xl, where 1 <s<d -1, o, #xg and o, ;éo@'/ if s£s". If xp1 #x9, wWe
can take only d —2 of these paths the paths Xk0LX 1, Where l<s<d-2, 0 S £ X0s Xkl
and o # o, if s#5s'. In this case, we have to consider also a path with length p+2:
xkxgocf . .ocz:llxk+1x1.

If k=0 (mod p), then d(xx,x;)=1. In this case, we take d — 1 paths of length p+1:

xpof ... opx, where 1 <s <d — 1, af £ Xpi1, o, S #xp and o ;éa if s#5s'.
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Then, we can construct d paths from x to y in BGC( p,d.d**"): one path of length 1,
the arc

AZX()X] e e X X1
d —1 or d —2 paths with length D—-h+1<D+1,
Os = X0X) oo Xg GGy Hpg - 0XT - XX 41,

where k=h (modp) and 0 < h < p—1, and, if k= p — | (mod p), we may need one
path with length D + 2,

d—1 d—1
R=xox|...xX0% e X X1 X X X -

In order to prove that these paths are disjoint, we are going to use the same techniques
as in the previous works about disjoint paths in the de Bruijn and Kautz digraphs {14]
and the bipartite digraphs BD(d.d”~' 4+ d”~3) [17].

Proposition 4.2. If s #t, the paths Q, and Q, are disjoint.

Proof. If g, ; is the jth vertex of the path Q,,

5 s P
Xjoo Xy e Oy j=lL...,p—h
— S s .
A= X Xy g X Xy =P — h+1,.... k,
R} R .
Wy jmb oo XpX1 - Xjm pth Jj=k+1...., k+ p—h,

and, of course, we have the analogous expressions for the vertices of the path O,. We
have to prove that ¢, ;#¢,; for any i,j=1,....,k + p — h. By the symmetry of the
paths, it suffices to compare g, ; with g,; when j < i. The case /= is trivial because
af #ol for any r=h+1,..., p. Besides, since the paths are in a p-cycle, it is only
necessary to prove that ¢, ; #¢,; when i=j (modp) and / = j + p.

Let us suppose that there exist i,/ where i=; (modp) and i > j + p, such that
qej =41

fl1<j<p-—hand p—h+1<i<k, we have that

_— Ky s _— ! 7 .
s =Xjaeo s Xy Ky gy e "thf/' T Xy e s Xy Oy e e ey a[,,xl s Xi—prh =1

Let us consider the subsequences formed by the vertices of C, ® K} in the partite set
V/H»/':

8 !
Xt X ptjoo - Xk—prjOpp; = Xhti o - X pri Oy (Khitj o oo Xje poohe

Observe that 4+ j < p. We consider the equivalence relation digraph [14] given by
this equality. The arcs of the equivalence relation digraph join a symbol appearing
in the first sequence with the symbol that appears in the same place in the second
sequence. In this digraph, the vertices x, have in-degree and out-degree equal to one,
%, ; have in-degree 0 and out-degree 1 and o, have in-degree 1 and out-degree 0.
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Then, there exists in the equivalence relation digraph a path from 4+ to o, +;- That
means that o =oy ., a contradiction.

If p—h+1 < j<i < k, we consider jj such that jo=;7=i (modp) and 0 < jo < p—1.
From the equality ¢, ; =g, ;, we take the subsequences formed by the vertices in the
partite set V, of C, ® K

s o ) r o
Xitp—jo -~ .xk_hacpxp s X jo—t = Xitp—jo - - .xk_;,ocpxp s Xi—jo—1

where £ =0 if jo = p—h and £ = p otherwise. As before, using the equivalence relation
digraph, we obtain that o} = a,, a contradiction.

The remaining case, p —h+ 1<j<k and k + 1 <i<k + p — h, is solved
analogously. [

The following propositions are proved in a similar way.
Proposition 4.3. The paths Q; and R do not contain the arc A.
Proposition 4.4. The path R is disjoint with any path Q.

Therefore, we have constructed d disjoint paths between any pair of adjacent vertices
of BGC(p,d,d*"*"): one of length 1, d — 2 of length at most p + k + 1 and one of
length at most p + & + 2.

Theorem 4.5. Let x, y be any pair of different vertices of the generalized cycle BGC
(p.d,d**V), where p = 2. There exist a container from x to y of width d and length
less than or equal to p+k +2=D +2 composed by one path with minimum length
d(x,y), d — 2 with length at most D + 1 and one of length at most D + 2.

Proof. We are going to prove this theorem by induction on k. If k£ = 0, the result is true
by Proposition 4.1. Let x, y be two different vertices of BGC(p,d,d**"), k = 1. We
have proved the existence of these paths if d(x,y)=1. Let us suppose that d(x,y) = 2.
Since BGC(p,d,d**") is isomorphic to the line digraph LBGC(p,d,d*), we can put
x =xox, and y = yyy|, where xo, x;, yo and y, are vertices of BGC(p,d,d"). Besides,
x| # o, because x is not adjacent to y. Then, in BGC(p,d,d*) there exist a container
from x| to y; with width d and length at most p + & + 1. In this container there are
one path of length d(x,y9), d — 2 of length at most p + k, one of length at most
p+k + 1. These paths induce in the line digraph LBGC(p,d.d*)=BGC(p,d,d**")
a container of width d from x =xyx; to y = yoy:, with one path of minimum length
d(x,y)=d(x1,y9)+ 1, d — 2 of length at most p +k + 1=D + 1 and one path of
length at most p+k+2=D+2. O

As a corollary, we obtain the values of the s-wide-diameter and the s-fault-diameters
of BGC(p.d,d**'). We can see that these values are almost optimal by comparing
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them with the lower bounds given in Propositions 3.1 and 3.2. In effect, for any
s=2,....d,

Dmin(sa P~d’ pdk$1):D1/ni11(s~ pd~ pdk‘l): pP— k+ 1.

Theorem 4.6. Let G be the generalized cycle BGC(p.d.d*'"), where p = 2. Then

e d(GY=D{G)=p+k+1=D+1if2<s<d~-1ors=dand 0<k <p—2

¢ di(G)=D|G)=p+k+2=D+2ifk=p—1

e d(GY=D(G)=p+k+1=D+1if2<s<d—1 or s=d and 0 <k <
p— L

¢ d(G)=D(Gy=p+k+2=D+21if k= p

Proof. It is obvious from Propositions 3.1 and 3.2 and Theorem 4.5 that d(G)=
D(GY=D(G)y=p+k+1=D+1if 2<s5s<d — 1. The minimum value of &
for which we need a path with length D+2 (the path R) in order to construct the J dis-
joint paths is £ = p—1. Then, D)(G)=Dy_(G)=D+1if 0 < k < p-2. Since in the
digraph BGC(p.d.d”~") there are containers of width d and length at most p+k — ]
between any pair of different vertices, in the digraph BGC( p.d.d”)=LBGC(p.d.d""")
we can find a container of width ¢ and length at most p+ 4 between any pair of non-
adjacent vertices. Therefore, D/(G)=D -+ 1 if k= p — 1. Finally, let us consider in
BGC(p.d.d") the vertices x =xox,...x,_; and y=x;...x,_1x,, wherec xy=(0,0)¢
Z,x Z; and x,=(0.d — 1). If we remove from BGC(p.d.d") the d — | arcs ¢, =
Xo¥i ... X, o, where o, =(0,i), 1 <i<d— 1, the distance from x to y in the re-
sulting digraph will be equal to 2p + | =D + 2. Using the line digraph technique, it
is not difficult to find, for any k> p — 1, d — 1 vertices or arcs to be removed from
BGC(p.d.d*~") in order to obtain a digraph with diameter p + k + 2. Thercfore,
D(GYy=D+2ifkzp-—1land D(G)=p+k+2=D+2ifk=>p =

5. Fault-diameters of KGC(p, d, d"** + d¥)

The goal of this section is to determine the s-wide-diameter and the s-fault-diameters
of the generalized cycles KGC(p,d,d? 7! +dP~2"1). As we did in Section 4, we
are going to find 4 disjoint paths with length at most D + 2 between any pair of
different vertices of these digraphs.

The set of vertices of the generalized cycle KGC(p,d.n) {8] is Z, x Z,. If 0 <«
< p — 2, the vertex (a,x) is adjacent to (x + 1,dx +¢) for any +=0.1..... d—1.
The vertex (p — 1,x) is adjacent to (0,—dx — (d —t)) for any r=0,1...., d — 1. The
digraph KGC(p,d,d?”+ 1) is d-regular and has diameter 2 p — 1. The generalized cycle
KGC(p.d.d°~ ' +dP~2+1Y=KGC(p.d.d"~* +d") is isomorphic to the iterated linc
digraph LEKGC(p.d.d” + 1). Then, it is d-regular and has diameter D=2p + k — 1.
These generalized cycles have large order (optimal if 2p—1 < 3 p—1) for their degree
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and diameter. Besides, if p =2, the digraphs KGC(p,d,dP P+ + dP—2r+1) are equal
to the bipartite digraphs BD(d,d”~! + d”~3) constructed by Fiol and Yebra [5]. If
p=1, we obtain the Kautz digraphs.

We are going to proceed in the same way as in Section 4. First, we find the disjoint
paths between vertices in the digraph KGC(p,d,d? + 1), which is the smallest digraph
in this family. Next, we construct disjoint paths of bounded length between any pair
of adjacent vertices of KGC(p,d,dP™* + d*). Finally, taking into account that these
digraphs are iterated line digraphs, we prove the existence of disjoint paths between
any pair of different vertices.

We recall now some properties of the generalized cycle KGC(p,d,d?” + 1). See [8]
for proofs and more information. If x and y are two different vertices in the same
partite set of KGC(p,d.d? + 1), then d(x, y)= p and there is only one shortest path
form x to y. Besides, there is no cycle of length p in this digraph. For any vertex x
there are exactly 1 +d + d? + --- + d” vertices y such that d(x, y) < p. That is, if
d(x,y) < p there is only one path from x to y with length at most p.

Proposition 5.1. Let x, y be any pair of vertices of KGC(p,d,d? + 1)). There exist
a container of width d from x to y with length at most 2p=D + 1.

Proof. We can suppose that x€Vy and y€ V), where 1 < h < p. Let I't(x)={z,
73,...,24} be the set of the vertices that are adjacent from x and I'~(y) = {v,,v2,...,04}
be the set of vertices that are adjacent to y.

If h=1 and (x, y) is not an arc, since there is a unique path of length p from any
z; to y, we have exactly d paths of length p + 1 from x to y: the paths xz;...y,
1 <i <d. Using the properties of KGC(p,d,d? + 1)), it is not difficult to see that
these paths are disjoint. If (x, y) is an arc, we can suppose that z; = y. In this case,
we have a path of length /, the arc (x, y), and d — 1 paths of length p + 1: the paths
xzi...y, 2 <i<d. As before, these paths are disjoint.

If A= 2 and d(x,y)=h, we can suppose that the unique path of minimum length
from x to y has the form xz;...v;y (where z; =, if h=2). Let ¢ be any permutation
in{2,...,d}. Forany i=2,...,d, let w; € ¥;_; be any vertex such that d(z;,w;)=h—2
and consider the path xz;...w;...v,y, which is a path from x to y with length p +
h < 2p. Observe that, since w; # v,; if 2 < i < d, there is a unique path of length p
from w; to v,. By the properties of the generalized cycle KGC(p,d,d? + 1)), these d
paths from x to y are disjoint. If d(x,y)=p+Ah or A= p and x =y, we can consider
any permutation ¢ in {1,2,...,d} and construct d paths from x to y with length 2 p:
the paths xz;...w;...v,;y, where i=1,...,d and w; is a vertex in V;,_; such that
d(z;,w;)=h — 2. As before, these paths are disjoint. [

Let x and y be any pair of adjacent vertices of the generalized cycle KGC(p,d,
drt* + d*). As we did in Section 4 for BGC(p,d,d**"), we are going to construct
a container from x to y of width d and bounded length. Since that digraph is iso-
morphic to the iterated line digraph L*KGC(p,d,d? + 1), its vertices can be writ-
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ten as paths of length £ in KGC(p.d.d? + 1). Then, we can write x =xpx;...x;
and y=2x;...xx;.y, where x;,, i=0,1,...,k + 1 are vertices of the generalized cy-
cle KGC(p,d,d? + 1). We are going to find 4 — 1 disjoint paths from x to y that
do not contain the arc 4=(x,y). These paths are going to be to be constructed
from disjoint paths from x; to x; in KGC(p.d,d” + 1) and will have the form
X0X{ « - XpQg (ks - Ay X1 - XpXp o1, Where ¥ < 2p, a; # x5 and ag, # xy. There-
fore, we must find in KGC(p,d.d? + 1) a container C(x;,x,) with width d — 1 and
length at most 2 p + 1 such that their first and last arcs must be, respectively, different
from (xg.x;4) and (xg,x1 )

Lemma 5.2. Let x and y be two vertices of KGC(p,d,d” + 1) such that d(x,v)#
1 (mod p). Let us consider z€ I't(x) and ve I ~(y). Then, there exist a container
of width d — 1 and length at most 2 p, avoiding the arcs (x,z) and (v, y).

Proof. We can suppose that x€ V, and y € V), where 2 <h < p. If d(x,y)=nh. let
xzy ... vy be the unique shortest path from x to v (if 2=2, then z; = v, ). We have to
distinguish three cases.

Case 1: h=p and x=y; or d(x,y)=p+ h; or d(x,y)=h, z=z and v=1y; or
d(x,y)=h, z#z, and v#v,. By the proof of Proposition 5.1, we can find in this case
a set of d disjoint paths from x to y with length at most 2 p containing a path in the
form xz...vy. The other d — 1 paths are the paths we are looking for.

Case 2: d(x,y)=h, z=z, and v#v,. Let us consider a vertex z; € I " (x), za#z
and a vertex u €V, such that u#z and d(u,v1)=h — 1. Then, u¢ I'"(x) and there
is a path with length p from z; to u. Let us consider the following 4 — 1 paths with
length p + A4 from x to y: the path xzy...u...v;y, and the paths xz;...w;... 000,
3 <1 < d, constructed as in the proof of Proposition 5.1, where v,; # v. It is not diffi-
cult to prove that these paths are disjoint and do not contain neither the vertex z nor the
vertex v.

Case 3: d(x,v)=h, z+#z and v=1v(. This case is analogous to Case 2. ]

Lemma 5.3. Let x and y be two vertices of KGC(p,d,d” + 1) such that d(x,yv)=
1 (mod p). Let us consider z € I't(x) and ve I'"(y). Then, there exist a container of
width d — 1 and length at most 2p+ 1 from x to y such that all the paths in it have
their first and last arcs are, respectively, different from (x,z) and (v, y). Besides. ut
most one of the paths in the container have length 2p + 1.

Proof. We can suppose that x€V; and ye€V(. As we have seen in the proof of
Proposition 5.1, there are exactly d paths, which are disjoint, of length at most p + 1
from x to y.

Case 1. d{(z,v)=p~—1,orx=vand y=z. If d(z,v)= p—1, the path xz... vy 1s one
of the 4 disjoint paths from x to y with length at most p + 1. The other d — 1 paths
are disjoint and avoid the arcs (x,z) and (v, y). If x=10v and y =z, the two forbidden
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arcs are equal to (x, y). The other d — 1 paths with length p + 1 from x to y are the
paths we are looking for.

Case 2: d(z,v)=2p — 1, x#v and y#z. In this case, there are two different paths
from x to y with length p+ 1 containing one of the forbidden arcs: the paths xz...v'y
and xz' ... vy. Then, there are d—2 paths from x to y with length at most p+1 avoiding
the arcs (x,z) and (v, y). Let w € V¥, w# v, be a vertex such that d(z/,w)= p—1. Then,
w & I' (y) and there exists a path of length p from w to ¢/. The path xz’...w...v'y,
which has length 2p + 1, is disjoint with the above d — 2 paths and do not contain
neither z nor v.

Case 3: (x,y) is an arc, x=v and y #z. Then, the d paths from x to y with length
at most p + 1 are: the arc (x, y), the path xz...v'y and d — 2 paths with length p+ 1
that do not contain any of the forbidden arcs. Let we V;, w#z, be a vertex such that
d(w,v')=p—1. Then, w ¢ I'"(x) and there is a path with length p from y to w. The
path xy...w...v"y, which has length 2p + 1, is disjoint with the other d — 2 paths, its
first arc is different from (x,z) and its last arc is different (v, y).

Case 4: (x,y) is an arc, x#v and y=z. Analogously to Case 3, we have d — 2
paths with length p + 1 that do not contain any of the forbidden arcs. Let z’ be the
vertex such that xz’...vy is a path of length p + 1. Let we ¥y, w#uv, be a vertex
such that d(z/,w)= p — 1. Then, w ¢ I'"(y) and there is a path with length p from
w to x. The path xz’...w...xy, which has length 2p + 1, and the above d — 2 paths
are the paths we are looking for. [

Let x=x¢x...x; and y=x|...x %1 be any pair of adjacent vertices of the gener-
alized cycle KGC(p,d,d”™* + d*). Let h be the integer such that # = k (mod p) and
1 <h < p. By Lemmas 5.2 and 5.3, there exist a container C(x,x;) in KGC(p,d,
d? + 1) with width 4 — 1 and length at most 2p + 1 such that every path in the
container has the first and the last arcs are, respectively, different from (x4, x;.;) and
(x0,x1). Using these paths, we construct d — 1 paths from x to y with length at most
2p+k+1=D+2. By doing that, we have obtained d paths from x to y that will be
proved to be disjoint. The first of these paths is the arc

A=(x, )y =XoX| ... X} Xp11-
There can be one path with length k+p—h+1<D— p+1,
P =xyx; ...xkoz,LHoc},H...oclpxl e XEXE
d—1,d—2ord—3 paths with length kK +2p —h+1 <D+ 1,
O, = xox) ...xkocjmaiﬂ...oc‘;...agpxl XXkl
and, if #= p, we may need one path with length D + 2,
1 d—1 d

d— ~1
R=xpx;...x30 O 0 X XX

It can be proved that these paths are disjoint by using the same techniques as in
Section 4. The proof of the following theorem is the same as in Theorem 4.5
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Theorem 5.4. Let x, y be any pair of different vertices of the generalized cycle KGC
(p.d.d?"* +d"), where p = 2. There exists a container from x to y with width d
and length less than or equal to 2p + k + 1 =D + 2. Moreover, in such container
there is one path with minimum length d(x.y), and there are d —2 paths with lenyth
at most D+ 1 and one of length at most D + 2.

As a corollary, we obtain the value of the s-wide-diameter d,(G), and the s-fault-
diameters D(G) and D/(G) being G =KGC(p.d.d" * + d*). This theorem is proved
in the same way as Theorem 4.6.

Theorem 5.5. Let G be the generalized cycle KGC(p.d.d? * + d*), where p = 2.
Then

e d(GY=DU(G)=2p+k=D+1if2<s<d~-1lors=dand 0<k < p—1

¢ d(G)=D(G)=2p+k+1=D+2ifk = p.

e d(G)=D(GY=2p+k=D+1if2<s<d—1ors=dand 0 <k < p.

o dy(GY=DuG)=2p+k+1=D+2ifk>p+l

We can see that these values are almost optimal by comparing them with the lower
bounds given in Propositions 3.1 and 3.2. In effect, for any s =2.....4d,

Dmin(S* - d* p(derk + dk )) :Dllnin(s* p’d’ p(d[)+/\ + dl‘ )) = 2[7 + k.
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