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D sureohp lq wkh ghvljq ri exv lqwhufrqqhf0

wlrq qhwzrunv lv wr �qg gluhfwhg k|shujudskv
zlwk plqlpxp gldphwhu iru �{hg ydoxhv ri wkh
rughu/ surfhvvru ghjuhh dqg exv vl}h1 Lq wklv
sdshu zh sursrvh wkh sduwldo olqh k|shugljudsk
dv d whfkqltxh iru lw1 Wkh sduwldo olqh k|shugl0
judsk lv uhodwhg wr wkh olqh k|shugljudsk ^4`/ wkh
sduwldo olqh gljudsk ^9` dqg wkh olqh gljudsk ^:`1
Sduwldo olqh k|shugljudskv kdyh dovr jrrg frq0
qhfwlylw|/ h{sdqgdelolw| dqg hdv| urxwlqj1 Vsh0
fldoo| lqwhuhvwlqj uhvxowv duh rewdlqhg iru wkh
jhqhudol}hg Ndxw} k|shugljudskv1

� W?|hL_�U|�L?

K|shujudskv duh d xvhixo jhqhudol}dwlrq ri
judskv iru Frpsxwhu Vflhqfh dqg Glvfuhwh
Pdwkhpdwlfv ^;`1 Zh irfxv rq lwv dssolfdwlrq
wr ghvljqlqj exv qhwzrunv1 Wkdw lv/ frppx0
qlfdwlrq v|vwhpv pdgh xs ri exvhv frppxql0
fdwlqj vhyhudo surfhvvruv1 Exv qhwzrunv kdyh
ehwwhu uholdelolw| dqg shuirupdqfh wkdw wkrvh
edvhg rq srlqw0wr0srlqw frqqhfwlrqv1 Wkh|
duh prghohg e| k|shujudskv +elgluhfwlrqdo
exvhv, ru gluhfwhg k|shujudskv +xqlgluhfwlrqdo
exvhv,1 Zh ghdo zlwk gluhfwhg k|shujudskv/
dovr fdoohg k|shugljudskv1

D surfhvvru fdq rqo| eh frqqhfwhg wr d
olplwhg qxpehu ri exvhv1 D exv fdq rqo| df0
fhsw d jlyhq qxpehu ri frqqhfwlrqv wr surfhv0

vruv1 Wkhq/ wr frppxqlfdwh vrph qrghv lw lv
qhfhvvdu| wr wudyhuvh lqwhuphgldwh qrghv/ dqg
wkh wudqvplvvlrq ghod| ghshqgv rq vxfk qxp0
ehu ri qrghv1 Wkxv/ d sureohp lv wr frqqhfw e|
exvhv dq duelwudu| qxpehu ri surfhvvruv plql0
pl}lqj wkh wudqvplvvlrq ghod|1 Wklv jlyhv ulvh
wr wkh qhhg ri k|shugljudskv zlwk duelwudu|
rughu/ pd{lpxp surfhvvru ghjuhh/ pd{lpxp
exv vl}h dqg plqlpxp gldphwhu1 D srzhuixo
whfkqltxh iru wklv sureohp lv wkh olqh k|shu0
gljudsk sursrvhg lq ^4`1 Dv sduwlfxodu vrox0
wlrqv/ lq ^6` zhuh lqwurgxfhg wkh jhqhudol}hg Gh
Euxlmq dqg jhqhudol}hg Ndxw} k|shugljudskv1
Wkh| duh lwhudwhg olqh k|shugljudskv1 Lq wklv
zrun zh suhvhqw d jhqhudol}dwlrq ri wkh olqh
k|shugljudsk whfkqltxh zklfk pdnhv lw pruh
yhuvdwloh1

Vrph ri wkh edvlf gh�qlwlrqv dqg qrwd0
wlrq iru wkh iroorzlqj duh lq wkh qh{w Vhfwlrq1
Wkh gh�qlwlrq ri wkh sduwldo olqh k|shugljudsk
dqg lwv uhodwlrq zlwk vrph rwkhu nqrzq whfk0
qltxhv lqyroylqj k|shugljudskv dqg gljudskv
lv suhvhqwhg lq Vhfwlrq 61 Lq Vhfwlrq 7 lv vkrzq
lwv xvhixoqhvv wr wkh ghvljq ri exv lqwhufrqqhf0
wlrq qhwzrunv1 Wkh dssolfdwlrq wr Ndxw} k|0
shugljudskv lv lq Vhfwlrq 81
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D gluhfwhg k|shujudsk/ ru k|shugljudsk K lv
d sdlu +Y+K,> H+K,,/ zkhuh Y+K, lv d qrq0
hpsw| vhw ri yhuwlfhv/ dqg H+K, lv d vhw ri
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rughuhg sdluv ri qrq0hpsw| vxevhwv ri Y+K,/
fdoohg exvhv1 Li H @ +H�>H., lv d exv/ zh
vd| wkdw H� lv wkh lq0vhw/ H. lv wkh rxw0vhw

ri H/ dqg wkdw H mrlqv yhuwlfhv lq H� wr yhu0

wlfhv lq H.1 Lwv lq0vl}h+rxw0vl}h, lv wkh fduglqdo
ri H�/ mH�m+mH.m,1 Li y eh d yhuwh{/ wkh lq0

ghjuhh+rxw0ghjuhh, ri y lv wkh qxpehu ri exvhv
frqwdlqlqj y lq wkh rxw0vhw+lq0vhw,/ dqg lv gh0
qrwhg e| g

�+y,+g.+y,,1
Li K lv d k|shugljudsk/ lwv rughu lv wkh

qxpehu ri yhuwlfhv/ mY+K,m/ ghqrwhg e| q+K,/
dqg p+K, zloo eh wkh qxpehu ri exvhv1 Wkh
pd{lpxp lq0vl}h dqg pd{lpxp rxw0vl}h ri K

duh uhvshfwlyho| gh�qhg e|

v
�+K, @ pd{imH�m = H 5 H+K,j /
v
.+K, @ pd{imH.m = H 5 H+K,j

Vlploduo|/ wkh pd{lpxp lq0ghjuhh / pd{lpxp

rxw0ghjuhh ri K duh

g
�+K, @ pd{ig�+y, = y 5 Y+K,j /
g
.+K, @ pd{ig.+y, = y 5 Y+K,j

Zh ghqrwh v+K, @ pd{iv.+K,> v�+K,j /
g+K, @ pd{ig.+K,> g�+K,j1

D sdwk ri ohqjwk n iurp d yhuwh{

x wr d yhuwh{ y lq K lv dq dowhuqdw0

lqj vhtxhqfh ri yhuwlfhv dqg exvhv x @

y3> H4> y4> H5> y5> = = = >Hn> yn @ y vxfk wkdw yl 5

H
�

l.4
/ +l @ 3> = = = > n � 4, dqg yl 5 H

.

l
/ +l @

4> = = = > n,1 Wkh glvwdqfh iurp x wr y lv wkh
ohqjwk ri wkh vkruwhvw sdwk iurp x wr y1 Wkh gl0
dphwhu ri K/ G+K,/ lv wkh pd{lpxp glvwdqfh
ehwzhhq hyhu| sdlu ri yhuwlfhv ri K1

D k|shugljudsk lv frqqhfwhg li wkhuh h{0
lvwv dw ohdvw rqh sdwk iurp hdfk yhuwh{ wr dq|
rwkhu yhuwh{1 Wkh yhuwh{0frqqhfwlylw|/ �+K,/
ri d k|shugljudsk K/ lv wkh plqlpxp qxp0
ehu ri yhuwlfhv wr eh uhpryhg wr rewdlq d qrq0
frqqhfwhg ru wulyldo k|shugljudsk +d k|shugl0
judsk zlwk rqo| rqh yhuwh{,1 Vlploduo| lv gh0
�qhg wkh exv0frqqhfwlylw|/ �+K,1

Wkh gxdo k|shugljudsk/ K�/ ri d k|shu0
gljudsk K kdv lwv vhw ri yhuwlfhv lq rqh0wr0rqh

fruuhvsrqghqfh zlwk wkh vhw ri exvhv riK/ dqg
iru hyhu| yhuwh{ y ri K lw kdv d exv/ +Y �> Y .,/
vxfk wkdw d yhuwh{ h 5 Y

� li dqg rqo| li y 5 H
.

dqg h 5 Y
. li dqg rqo| li y 5 H

�1

Wkh xqghuo|lqj gljudsk ri d k|shugl0

judsk K lv wkh gljudsk eK @ +Y+ eK,>D+ eK,,

zlwk Y+ eK, @ Y+K, dqg D+ eK, @ i+x> y, =
<H 5 H+K,> x 5 H�> y 5 H.j1 Wkdw lv/ wkhuh

lv dq duf iurp d yhuwh{ x wr d yhuwh{ y lq eK

li dqg rqo| li wkhuh lv dq exv mrlqlqj x wr y lq
K1 Vr/ sdwkv lq eK dqg K duh lq fruuhvsrq0
ghqfh/ dqg wklv lpsolhv G+ eK, @ G+K, dqg

�+ eK, @ �+K,1
Wkh olqh k|shugljudsk riK ^4` lv wkh k|0

shugljudsk OK @ +Y+OK,> H+OK,,/

Y+OK, @ ^H5H+K,i+xHy, = x 5 H�> y 5 H.j
H+OK, @ ^y5Y+K,i+HyI , = y 5 H.> y 5 I�j

zlwk +HyI ,� @ i+zHy, = z 5 H
�j dqg

+HyI ,. @ i+yIz, = z 5 I
.j1 Qrwh wkdw

li K lv d gljudsk/ OK frlqflghv zlwk wkh olqh
gljudsk ri K ^:`1 Zh uhihu ^4` iru rwkhu surs0
huwlhv ri wkh olqh k|shugljudsk whfkqltxh1

� A�i |iU�?�^�i

Jlyhq d k|shugljudskK @ +Y+K,>H+K,, zlwk
plqlpxp lq0ghjuhh dw ohdvw 4 iru dq| vhw Y3

ri

yhuwlfhv ri OK vxfk wkdw iy = <+xHy, 5 Y 3j @
Y+K,/ wkh sduwldo olqh k|shugljudsk ri K zloo
eh wkh k|shugljudsk OK @ +Y+OK,>H+OK,,/

Y+OK, @ Y
3

H+OK, @ i+HyI , = y 5 I�><x 5 Y+K, =
+xHy, 5 Y 3j

+HyI ,. @ i+yIz, = +yIz, 5 Y 3j^
i+y3

I
3
z, = z 5 I

.> +yIz, @5 Y 3j
+HyI ,� @ i+xHy, = x 5 H�> +xHy, 5 Y3j

Wkdw lv/ +HyI ,. frqwdlq doo wkh yhuwlfhv lq wkh
irup +yIz, ri Y 3/ dqg rqh duelwudu| yhuwh{/
+y3
I

3
z,/ li +yIz, lv qrw lq Y 31

Wkdw lv/ wkh sduwldo olqh k|shugljudskv
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ghshqgv rq wkh fkrrvh ri Y 3 dqg dovr lq wkh

zd| wkdw wkh rxw0vhwv ri wkh exvhv duh frq0

vwuxfwhg1

Qrwh wkdw dozd|v h{lvwv d vhw Y 3 zlwk

iy = +xHy, 5 Y3j @ Y+K,/ ehfdxvh wkh plql0

pxp ghjuhh ri K lv dw ohdvw 41

Sduwlfxoduo|/ revhuyh wkdw lq wkh fdvh

mY3m � gv/ zh fdq wdnh wkh rxw0vhw ri wkh exvhv
lq vxfk d zd| wkdw H+OK, @ H+OK,1 Lq idfw/
iru dq| yhuwh{ y dqg dq| exv H ri K vxfk wkdw
y 5 H. dqg +xHy, 5 Y 3/ lw lv srvvleoh wr wdnh
+HyI ,. @ i+yIz, = +yIz, 5 Y 3j ^ i+y3

Iz, =
z 5 I

.> +yIz, @5 Y 3j1

Qrwlfh wkdw li K lv d gljudsk/ OK fr0

lqflghv zlwk d sduwldo olqh gljudsk1 Dovr/ li

Y3 @ Y+OK, wkhq OK lv OK1 Vr/ wkh sduwldo
olqh k|shugljudsk whfkqltxh lv d jhqhudol}dwlrq
ri wkh olqh k|shugljudsk whfkqltxh ^4`/ wkh sdu0
wldo olqh gljudsk ^9`/ dqg frqvhtxhqwo|/ wkh olqh
gljudsk ^:`1

Qh{w/ zh vkrz vrph xvhixo uhodwlrqv ri
wklv whfkqltxh wr gljudskv1

Sursrvlwlrq 614 Ohw K @ +Y+K,> H+K,,
zlwk plqlpxp g A 4/ dqg Y 3 d vhw ri yhuwlfhv

ri OK vxfk wkdw iy = <+xHy, 5 Y 3j @ Y+K,1
Iru dq| yhuwh{ +xHy, dqg dq| exv +HyI , ri

wkh sduwldo olqh k|shugljudsk ri K/ OK/

g
.

OK
+xHy, @ g

.

K
+y,>

v
.

OK
+HyI , @ v

.

K
+I ,= �

Sursrvlwlrq 615 Ohw K eh d k|shugljudsk

zlwk plqlpxp lq0ghjuhh g A 41 Wkhuh h{lvwv

d vhw ri yhuwlfhv ri OK/ dqg d vhw ri dufv ri
eK/ vxfk wkdw zlwk wkhvh vhwv gOK dqg O eK duh

lvrprusklf1

Surri = Jlyhq d vhw Y 3
ri yhuwlfhv ri OK vxfk

wkdw iy = +xHy, 5 Y 3j @ Y+K,1 Ohw H
3
eh wkh

vhw ri dufv ri eK gh�qhg e| H3 @ i+x> y, = <H 5
H+K,> +xHy, 5 Y 3j1 Zlwk wkhvh vhwv wkhuh lv d

wulyldo lvrprusklvp ehwzhhq gOK dqg O eK1 �

e A�i E_c rc ���ThLM*i4

Lq ^7` wkhuh lv d Prruh olnh erxqg iru wkh rughu
ri d k|shugljudsk ri gldphwhu G/ pd{lpxp
rxw0ghjuhh g dqg pd{lpxp rxw0vl}h v=

Q � 4.+gv,.+gv,5.= = =.+gv,G @ +gv,G.4�4
gv�4

1
Iurp wklv dulvhv wkh iroorzlqj orzhu erxqg iru
wkh gldphwhu=

+orj
gv
+Q+gv� 4, . 4,,� 4 � G1

Zh zloo vkrz wkh jrrg ehkdylru ri wkh sur0
srvhg whfkqltxh iru vxfk sureohp1

Wkh rughu ri wkh k|shugljudsk OK lv
wkh fduglqdo ri Y 3/ dqg lw lv fkrvhq zlwk wkh

frqglwlrq iy = +xHy, 5 Y 3j @ Y+K,1 Wkhq/

mY+K,m � mY+OK,m � mY+OK,m=

Wkh sduwldo olqh k|shugljudsk suhvhuyhv
wkh pd{lpxp rxw0ghjuhh ri K1 Lq idfw/
g
.

OK
+xHy, @ g

.

K
+y, iru dq| yhuwh{ +xHy, ri

OK1 Dovr/ wkh rxw0vl}h ri K uhpdlqv frqvwdqw
vlqfh iru hyhu| exv +HyI , ri OK/ v.

OK
+HyI , @

v
.

K
+I , +wkh lq0vl}h ri K lv suhvhuyhg wrr,1

Wkhq/ li K lv g0uhjxodu/ OK lv dovr g0uhjxodu1
Vr/ li wkh rxw0vl}h ri doo exvhv ri K lv v/

mY+K,m � mY+OK,m � mY+K,mgv

Vlqfh G+K, @ G+ eK, iru hyhu| k|0
shugljudsk K/ e| Sursrvlwlrq 615 zh kdyh
G+OK, @ G+gOK,1 Qrz/ eK lv d gljudsk dqg

e| ^9`= G+ eK, � G+O eK, � G+ eK, . 41 Vr/
G+K, � G+OK, � G+K, . 4 @G+OK,1

Iurp doo wkh deryh frqvlghudwlrqv derxw
wkh rughu/ pd{lpxp rxw0ghjuhh dqg pd{lpxp
rxw0vl}h/ zh fdq vwdwh wkh iroorzlqj uhvxow=

Wkhruhp 714 Ohw K eh d k|shugljudsk zlwk

pd{lpxp rxw0ghjuhh g A 4/ pd{lpxp rxw0vl}h

v/ rughu Q dqg gldphwhu G1 Wkhq wkh rughu

QO/ wkh pd{lpxp rxw0ghjuhh gO/ wkh pd{l0

pxp rxw0vl}h vO dqg wkh gldphwhu GO ri dq|

sduwldo olqh k|shugljudsk OK vdwlvi|=

Q � QO � Qgv> gO @ g>

G � GO � G .4= vO @ v=�
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Wr vkrz wkdw wkh sduwldo olqh k|shugljudsk
whqgv wr lqfuhdvh wkh frqqhfwlylw| +zlwk wkh
plqlpxp ghjuhh ri wkh sduwldo olqh k|shugl0
judsk dv d orzhu erxqg,/ �uvw/ zh h{whqg d xvh0
ixo frqfhsw lqwurgxfhg lq ^9` iru gljudskv1 D
k|shugljudsk K kdv qr uhgxqgdqw vkruw sdwkv

zkhq wkhuh lv dw prvw rqh sdwk ri ohqjwk rqh
ru wzr ehwzhhq hyhu| sdlu ri yhuwlfhv +gl�hu0
hqw ru qrw, ri K1 Qrwlfh wkdw xqghu wklv
uhvwulfwlrq zh fdq vwloo zrun zlwk lqwhuhvwlqj
k|shugljudskv1 Iru lqvwdqfh/ wkh jhqhudol}hg
Gh Euxlmq k|shugljudskv dqg wkh jhqhudol}hg
Ndxw} k|shugljudskv ^6` kdyh qr uhgxqgdqw
vkruw sdwkv1

Ohppd 715 Ohw K eh d k|shugljudsk1 Wkhq/

K kdv qr uhgxqgdqw vkruw sdwkv li dqg rqo| li
eK kdv qr uhgxqgdqw vkruw sdwkv1 �

Wkhruhp 716 Ohw K eh d k|shugljudsk zlwk

plqlpxp lq0ghjuhh g A 4 dqg plqlpxp lq0

vl}h v1 Li K kdv qr uhgxqgdqw vkruw sdwkv=

plqi�+K,> g+OK,vj � �+OK,

Surri = E| Ohppd 715/ eK kdv qr uh0
gxqgdqw vkruw sdwkv/ vr e| wkh erxqg rq
wkh frqqhfwlylw| ri sduwldo olqh gljudskv ^9`/

plqi�+ eK,> g+O eK,j � �+O eK,1 Vlqfh �+K, @

�+ eK,/ wkhq plqi�+K,> g+OK,vj � �+OK,1 �

Iru wkh exv0frqqhfwlylw| wkh dqdorjrxv
erxqg krogv/ exw wr suryh lw/ zh qhhg wkh iro0
orzlqj uhvxow ri ^4`=

Ohppd 717 Ohw K eh d k|shugljudsk zlwk

exv0frqqhfwlylw| �1 Wkhq/ hyhu| yhuwh{ y lq

K lv rq � exv0glvmrlqw f|fohv1�

Wkhruhp 718 Ohw K eh d k|shugljudsk zlwk

plqlpxp lq0ghjuhh g A 41 Ohw Y3 eh d vhw ri

yhuwlfhv ri OK/ mY 3m � gv/ dqg OK d sduwldo

olqh k|shugljudsk zlwk H+OK, @ H+OK,1 Li K

kdv qr uhgxqgdqw vkruw sdwkv=

plqi�+K,> g+OK,j � �+OK,

Surri = Li plqi�+K,> g+OK,j @ g+OK,/ ohw xv
vhh wkdw dq| vhw I ri exvhv ri O3

K zlwk mI m ?
g+O3

K, fdqqrw glvfrqqhfw OK1 Lq idfw/ iru dq|
sdwk ehwzhhq wzr jlyhq yhuwlfhv ri OK/ ohw xv
vd|/ +xHy, dqg +{I|,/ d sdwk OS lq OK lv lq
fruuhvsrqghqfh zlwk d sdwk S ehwzhhq y dqg
{ lq K lq wkh iroorzlqj zd|=

OS @ +xHy,> +HyH3

4,> +y3H3

4y4,> +H3

4y4H
3

5,>
= = = +y3

qH
3

q{,> +H3

q{
3I ,> +{I|,

S @ y>H4> y4> H5> y5> = = = >Hq�4> yq�4>Hq> {

Qrz/ li I @ i+HlylIl, = l @ 4> = = = > uj/
3 ? u ? g+Y 3

K,/ lv d glvfrqqhfwlqj vhw ri OK/

wkh vhw I 3 @ iIl = l @ 4> = = = > uj lv d glv0

frqqhfwlqj vhw ri K/ zklfk frqwudglfwv wkdw
plqi�+K,> g+OK,j @ g+OK,1

Li qrw/ ohw vhh wkdw �+K, � �+OK,1
Iru wklv/ lv hqrxjk wr vkrz wkdw d vhw ri
� exv0glvmrlqw sdwkv lq K lqgxfhv d vhw
ri � exv0glvmrlqw sdwkv lq OK/ li � �
plqi�+K,> g+OK,j1 Ohw +xHy, dqg +{I|, eh
wzr gl�huhqw yhuwlfhv ri OK1 Wr frqvwuxfw �
exv0glvmrlqw sdwkv iurp +xHy, wr +{I|, lq OK
iurp � exv0glvmrlqw sdwkv iurp y wr { lq K/ zh
frqvlghu wzr fdvhv=

41 Li y 9@ {/ zh kdyh � sdwkv iurp y wr {=

Sl @ y>Hl

4
> yl

4
>Hl

5
> yl

5
>

= = = >Hl

ql�4
> y

l

ql�4
>Hl

ql
> {

zlwk 4 � l � �1 Hdfk sdwk Sl jlyh ulvh wr
d sdwk iurp +xHy, wr +{I|,/ OSl lq OK
gh�qhg e|=
OSl @ +xHy,> +HyH3l

4
,> +y3H3l

4
y
l

4
,>

+H3
l4y

l

4
H

3l

5
,> = = = +H3l

ql
{3I ,> +{I|,1

Lw lv srvvleoh wr frqvwuxfw OSl ehfdxvh iru

hyhu| yhuwh{ ri K wkhuh h{lvwv dw ohdvw

rqh exv duulylqj wr lw1 Wkhvh sdwkv duh

exv0glvmrlqw ehfdxvh wkh sdwkv lq K duh
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dovr/ dqg ehfdxvh ri wkh uhvwulfwlrq wr

k|shugljudskv zlwk qr uhgxqgdqw vkruw

sdwkv1 Ehvlghv/ wkhvh sdwkv duh yhuwh{0

glvmrlqw/ ehfdxvh li wzr gl�huhqw sdwkv

OSl/ OSm/ kdyh d frpprq yhuwh{/ ohw xv

vd|/ +y3l

u.4H
l

u.4y
l

u.4, @ +y3m
v.4H

m
v.4y

m
v.4,/

wkhq vkrxog h{lvw lq K wzr gl�huhqw sdwkv
zlwk ohqjwk 4 ru 5 iurp y

3l

u.4
@ y

3m
v.4 wr

y
l

u.4 @ y
m
v.4/ frqwudglfwlqj wkh qr uhgxq0

gdqw vkruw sdwkv uhvwulfwlrq1

51 Li y @ {/ zh surfhhg dv ehiruh exw zlwk

exv glvmrlqw f|fohv lq K1 E| Ohppd 717/

li wkh exv0frqqhfwlylw| lv �/ hdfk yhuwh{ ri

K lv lq � exv0glvmrlqw f|fohv1 Lq wkh vdph

zd| dv zh gr zlwk sdwkv Sl/ zh fdq rewdlq

� f|fohv lq OK1 Djdlq/ vlqfh wkh ruljlqdo

f|fohv duh exv0glvmrlqw dqg K kdv qr uh0

gxqgdqw vkruw sdwkv/ wkhvh qhz f|fohv duh

exv0glvmrlqw dovr1 �

e�2 , T@?_@M�*�|)

Jlyhq wzr k|shugljudskv K dqg K3/ rq Q

dqg Q 3 yhuwlfhv/ uhvshfwlyho|/ Q � Q 3/ zh gh0

�qh wkh lqgh{ ri h{sdqgdelolw| ri K wr K
3/

h+K>K 3,/ dv wkh plqlpxp qxpehu ri exvhv
wkdw kdv wr eh prgl�hg ru uhpryhg iurp K

wr rewdlq K 3 e| dgglqj Q 3
�Q yhuwlfhv dqg

vrph dssursuldwh exvhv/ li lw lv qhfhvvdu|1

Wkdw lv/ wkh lqgh{ ri h{sdqgdelolw| phd0

vxuhv wkh qhfhvvdu| prgl�fdwlrqv ri exvhv ri

K/ wr rewdlq d vxe0k|shugljudsk K 3
1

Ohw OqK eh d sduwldo olqh k|shugljudsk

ri K zlwk rughu q1 Qh{w zh vkrz wkdw dq|

OqK kdv jrrg h{sdqgdelolw| wr vrph Oq.4K1

Wkhruhp 719 Ohw K @ +Y+K,>H+K,, eh d

k|shugljudsk zlwk pd{lpxp lq0ghjuhh g A 41

Iru dq| sduwldo olqh k|shugljudsk O
q
K rq q

yhuwlfhv/ mY+K,m � q � mY+OK,m � 4/ wkhuh h{0

lvwv d gljudsk Oq.4K/ vxfk wkdw wkh lqgh{ ri

h{sdqgdelolw| ri OqK wr Oq.4K vdwlv�hv=

h+OqJ>Oq.4J, � 5g

Surri = Ohw Y 3
eh wkh vhw ri yhuwlfhv ri OqK1

Wkh k|shugljudsk Oq.4K fdq eh rewdlqhg

iurp OqK e| wkh iroorzlqj dojrulwkp=

d, Fkrrvh d yhuwh{ +xHy, ri OK rxw ri Y 3
1

Vlqfh mY 3m � mY+OK,m � 43/ lw h{lvwv1
e, Dgg wkh yhuwh{ +xHy, wr OK1

f, Iru hyhu| exv ri OK/ +IxH,/ uhsodfh lq
wkhlu rxw0vhwv/ wkh yhuwh{ +x3

H
3
y, e| +xHy,1

g, Iru hyhu| exv I ri K/ li +HyI , lv qrw d exv
ri OK/ dgg lw/ zlwk
+HyI ,. @ i+yIz, = +yIz, 5 Y 3j^

i+y3
I

3
z, = z 5 I

.> +yIz, @5 Y 3j1

+HyI ,� @ i+xHy, = x 5 H�> +xHy, 5 Y3j1
Iru hdfk I vxfk wkdw +HyI , lv d exv ri OK/
sxw wkh yhuwh{ +xHy, lq wkh lq0vhw1
Zh rqo| dgg qhz exvhv ru uhsodfh wkh h{lvwlqj
rqhv lq vwhsv f, dqg g,/ vr wkh lqgh{ ri h{sdqg
delolw| lv jlyhq e| wkh qxpehu ri fkdqjhv wkhuh1
Vlqfh wkh pd{lpxp ghjuhh lv g/ wklv qxpehu
lv dw prvw 5g1 �

Wkh deryh surri jlyhv dq dojrulwkp wr

h{sdqg sduwldo olqh k|shugljudskv1 Zlwk d ihz

fkdqjhv lw fdq eh xvhg wr ghfuhdvh wkh qxpehu

ri yhuwlfhv1

Dovr lq vrph dssolfdwlrqv/ lw frxog dovr

eh xvhixo wr phdvxuh wkh qxpehu ri yhuwh{0wr0

yhuwh{ frqqhfwlrqv wkdw kdyh wr eh prgl�hg wr

dgg frpsrqhqwv1 Iurp wkh deryh dojrulwkp=

Fruroodu| 71: Ohw K @ +Y+K,> H+K,, eh d

k|shugljudsk zlwk pd{lpxp lq0ghjuhh g A 4

dqg pd{lpxp rxw0vl}h v1 Iru dq| sduwldo olqh

k|shugljudsk OqK rq q yhuwlfhv/ mY+K,m �
q � mY+OK,m � 4/ wkhuh h{lvwv d k|shugljudsk

O
q.4K/ vxfk wkdw wkh frqqhfwlrqv wkdw kdyh wr

eh prgl�hg wr wudqvirup OqK wr Oq.4K duh

dw prvw gv1 �

D �TT*�U@|�L?t

Ohw xv vhh wkh dssolfdwlrq ri wkh sduwldo

olqh k|shugljudsk whfkqltxh wr wkh jhqhudo0
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l}hg Ndxw} k|shugljudskv/ lqwurgxfhg lq ^6`1
Wkhuh lw zdv suryhg wkdw OJN+g>q> v>p, @

JN+g> gvq> v> gvp, dqg gJN+g>q> v>p, lv wkh
jhqhudol}hg Ndxw} gljudsk/ JN+gv>q, ^43/ 44`1

Wkhruhp 814 Iru dq| srvlwlyh lqwhjhuv g> q/

v>p/ zlwk gq �p 3/ vp �q 31

Li G+JN+g> q> v>p,, A 7/ wkhq=

�+JN+g> q> v>p,, @ gv/q pxowlsoh ri +gv.4,
dqg jfg+q> gv, A 4>

�+JN+g> q> v>p,, @ gv� 4/ rwkhuzlvh1

Surri = �+JN+g>q> v>p,, @ �+gJN+g> q> v>p,,
zklfk frlqflghv zlwk �+JN+gv>q,,1 Iurp ^<`
li G+JN+gv>q,, A 7/ lw kdv pd{lpxp
yhuwh{0frqqhfwlylw| +gv, zkhq q lv d pxowl0
soh ri +gv . 4, dqg jfg+q> gv, A 4/ dqg
gv � 4 rwkhuzlvh1 Vlqfh G+JN+g>q> v>p,, @

G+gJN+g>q> v>p,, @ G+JN+gv>q,,/ zh kdyh
wkh uhvxow1 �

Fruroodu| 815 Iru dq| srvlwlyh lqwhjhuv g> q>

v>p/ zlwk gq �p 3/ vp �q 31

Ohw K eh JN+g> q> v>p, dqg G+OK, A 7=

�+OK, � g+OK,v/q pxowlsoh ri +gv. 4,
dqg jfg+q>gv, A 4>

�+OK, � plqigv� 4> g+OK,vj/ rwkhuzlvh1

Surri = Wkhuh duh qrw uhgxqgdqw sdwkv/ vr
e| Wkhruhp 716= �+OJN+g> q> v>p,, lv dw ohdvw
plqi�+JN+g> q> v>p,,> g+OJN+g>q> v>p,,vj1Lw
uhpdlqv wr dsso| wkh deryh wkhruhp1 �

Vlqfh eK lv d gljudsk/ �+ eK, � �+ eK, ^8`/

dqg lw lv hdv| wr vhh wkdw �+ eK, � �+K,v/ vlp0
lodu uhvxowv duh ydolg iru wkh exv0frqqhfwlylw|1

Wkhruhp 816 Iru dq| srvlwlyh lqwhjhuv g> q>

v>p zlwk gq �p 3/ vp �q 31

Li G+JN+g> q> v>p,, A 7/ wkhq=

�+JN+g>q> v>p,, @ g/q pxowlsoh ri +gv.4,
dqg jfg+q>gv, A 4>

�+JN+g>q> v>p,, @ g ru g� 4/ rwkhuzlvh1

Fruroodu| 817 Iru dq| srvlwlyh lqwhjhuv g> q>

v>p/ zlwk gq �p 3/ vp �q 31

Ohw K eh JN+g> q> v>p, dqg G+OK, A 7=

�+OK, � g+OK,/q pxowlsoh ri +gv.4,
dqg jfg+q>gv, A 4>

�+OK, � plqig� 4> g+OK,j/ rwkhuzlvh1�

Zh kdyh vwxglhg wkh frqqhfwlylw| ri wkh

sduwldo olqh k|shugljudskv ri wkh jhqhudol}hg

Ndxw} k|shugljudskv1 Qrz/ ohw xv vhh rwkhu

lqwhuhvwlqj surshuwlhv ri vxfk k|shugljudskv1

Wkhruhp 818 Ohw K eh d k|shugljudsk zlwk

plqlpxp lq0ghjuhh g A 41 Wkhuh h{lvwv d vhw

ri yhuwlfhv ri OK/ dqg d vhw ri yhuwlfhv ri O5K/

vxfk wkdw zlwk wkhvh vhwv lw lv srvvleoh wr frq0

vwuxfw OOK dqg OOK wr eh lvrprusklf1

Surri = Wkh yhuwlfhv ri OOK duh lq fruuhvsrq0
ghqfh zlwk wkh exvhv ri OK/ vr wkhuh duh wzr
nlqgv ri yhuwlfhv=

41 +xHy,+HyI ,+y3
I

3
z,/ zlwk y 5 I�/ z 5 I

.

dqg +yIz, @5 Y +OK,
51 +xHy,+HyI ,+yIz,/ zlwk y 5 I

�

/ z 5 I
.

dqg +yIz, 5 Y +OK,

Fohduo|/ iru dq| fkrlfh ri yhuwlfhv ri OK/ wkhuh
duh gl�huhqw gljudskv OK dqg OOK1 Iru d
jlyhq gljudsk OOK/ zh frqvwuxfw d vhw ri yhu0
wlfhv ri OK e| wkh uxohv=

41 Li +xHy,+HyI ,+y3
I

3
z, 5 Y +OOK,/ zh wdnh

+xHy,+HyI ,+yIz,
51 Li +xHy,+HyI ,+yIz, 5 Y +OOK,/ zh wdnh

+xHy,+HyI ,+yIz,

Dsso|lqj wkh sduwldo olqh whfkqltxh wr
OK zlwk wklv vhw ri yhuwlfhv/ lw lv srvvleoh wr

frqvwuxfw OOK dqg OOK wr eh lvrprusklf1 �

Fruroodu| 819 Ohw K eh d k|shugljudsk zlwk

plqlpxp lq0ghjuhh g A 41 Wkhuh h{lvwv d

vhw ri yhuwlfhv ri OK/ dqg d vhw ri yhuwlfhv

ri On.4K/ vxfk wkdw zlwk wkhvh vhwv/ iru dq|
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lqwhjhu n � 4/ lw lv srvvleoh wr frqvwuxfw O
n
OK

dqg OO
n
K wr eh lvrprusklf1

Surri = E| wkh deryh wkhruhp/ wkhuh h{lvwv d

vhw ri yhuwlfhv ri OK/ dqg d vhw ri yhuwlfhv ri

K/ vxfk wkdw OOK dqg OOK1 +Wkh uhvxow iru
n @ 41, Zh duh jrlqj wr suryh e| lqgxfwlrq rq
n wkdw wkh vdph krogv iru dq| n � 41 Ohw xv
dvvxph wkdw Ol

OK dqg OOl
K duh lvrprusklf

iru dq| lqwhjhu l/ 4 � l � n � 4/ dqg zh duh

jrlqj wr suryh O
n
OK dqg OO

n
K duh vr=

OO
n
K @ OO

n�4
OK � O

n�4
OOK � O

o
OK1 �

OnJN+g>q> v>p, @ JN+g> +gv,nq> v> +gv,np,/
iru dq| srvlwlyh lqwhjhu n ^4`1 Qrz/ iru dq
lqwhjhu/ �/ 4 ? � ? gv/ qrwlfh wkdw d sdu0
wldo olqh k|shugljudsk rq �q+gv,n yhuwlfhv/
OJN+g> +gv,nq> v> +gv,np, krogv=
OJN+g> +gv,nq> v> +gv,np, @

OOnJN+g>q> v>p, @ OnOJN+g>q> v>p,=
Wkh qxpehu ri exvhv ri OJN+g> q> v>p, lv wkh
qxpehu ri sdwkv ri ohqjwk 4 lq lwv gxdo ^4`/ �q1
Lq Vhfwlrq 7 lw zdv suryhg=

41 g
.

OK
+xHy, @ g

.

K
+y, ;+xHy, yhuwh{ ri OK1

51 v.
OK

+HyI , @ v
.

K
+I , ;+HyI , exv ri OK1

Vr/ vrph gljudkv zlwk wkh vdph surs0
huwlhv iru wkh +g>q,0sureohp wkdw vrph Lpdvh0
Lwrk ru jhqhudol}hg Ndxw} gljudskv fdq eh re0
wdlqhg dv sduwldo olqh gljudskv ri Ndxw} gl0
judskv1+Zh uhfdoo wkdw wkh +g> q,0gljudsk sure0
ohp lv wkh vdph wkdw wkh +g>q> 4,0k|shugljudsk
sureohp/ vlqfh iru v @ 4/ k|shugljudskv duh gl0
judskv,1 Sduwlfxoduo|/ li zh ohw q wr eh d pxowl0
soh ri gv.4/ zh fdq rewdlq wkrvh ri pd{lpxp
frqqhfwlylw| e| wkh dssolfdwlrq ri wkh fruuh0
vsrqglqj sduwldo olqh rshudwru1

+iuihi?Uit

^4` M1F1 Ehuprqg/ I1 Hujlqfdq1 Gluhfwhg Olqh
K|shujudskv/Sulydwh Frppxqlfdwlrq1

^5` M1F1 Ehuprqg/ I1 Hujlqfdq1 Exv lqwhufrq0
qhfwlrq qhwzrunv/ Glvfuhwh Dsso1Pdwk1/9;
+4<<9, 4~481

^6` M1F1 Ehuprqg/ U1Z1 Gdzhv/ I1 Hujlqfdq1
Gh Euxlmq dqg Ndxw} Exv Qhwzrunv/ Qhw0

zrunv/63 +4<<:, 538~54;1

^7` I1 Hujlqfdq/ G1D1 Juhjru|1 Gluhfwhg
Prruh K|shujudskv/ Whfkqlfdo Uhsruw
4<<503;/ Txhhqv Xqlyhuvlw| dw Nlqjvwrq/
Ghsw1 ri Pdwk1 dqg Vwdwv11+4<<5,1 Glv0

fuhwh Dsso1Pdwk1 96 Vsulqjhu +4<<8, 44:~
45:1

^8` M1 I�deuhjd/ P1D1 Ilro1 Pd{lpdoo| Frq0
qhfwhg Gljudskv/ Mrxuqdo ri Judsk Wkh0

ru| 4609 +4<<<,/ 98:~9;;1

^9` P1D1 Ilro/ D1V1 Oodg�r1 Wkh Sduwldo Olqh

Gljudsk Whfkqltxh lq wkh Ghvljq ri Odujh

Lqwhufrqqhfwlrq Qhwzrunv/ LHHH Wudqv1

rq Frps1 742: +4<<5,/ ;7;~;8:1

^:` P1D1 Ilro/ M1O1D1 \heud/ L1 Dohjuh1 Olqh0
gljudsk Lwhudwlrqv dqg wkh +g> n, Sureohp/
LHHH Wudqv1 rq Frps1 F066 +4<;7,/
733~7361

^;` J1 Jdoor/ J1 Orqjr/ V1 Sdoorwlqr1 Gluhfwhg
k|shujudskv dqg dssolfdwlrqv/ Glvfuhwh

Dssolhg Pdwkhpdwlfv 75 +4<<6, 4::~5341

^<` Q1 Krprerqr/ F1 Sh|udw1 Frqqhfwlylw| ri
Lpdvh dqg Lwrk gljudskv/ LHHH Wudqv1 rq

Frps1 F06: +4<;;,/ 478<~47941

^43` P1 Lpdvh/ P1 Lwrk1 Ghvljq wr Plql0
pl}h Gldphwhu rq Exloglqj0Eorfn Qhw0
zrun/ LHHH Wudqv1 rq Frps1 F063

+4<;4,/ 76<~7751

^44` P1 Lpdvh/ P1 Lwrk1 D Ghvljq iru Gluhfwhg
Judskv zlwk Plqlpxp Gldphwhu/ LHHH
Wudqv1 rq Frps1 F065 +4<;6,/ :;5~:;71
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